Geometrically exact beam elements and smooth contact schemes for the
  modeling of fiber-based materials and structures by Meier, Christoph et al.
Geometrically exact beam elements and smooth contact schemes for the
modeling of fiber-based materials and structures
Christoph Meiera,b,∗, Maximilian J. Grillb, Wolfgang A. Wallb, Alexander Poppb
aMechanosynthesis Group, Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge, 02139, MA, USA
bInstitute for Computational Mechanics, Technical University of Munich, Boltzmannstrasse 15, D–85748 Garching b.
Mu¨nchen, Germany
Abstract
This work focuses on finite element formulations for the accurate modeling and efficient simulation of the
implicit dynamics of slender fiber- or rod-like components and their contact interaction when being embedded
in complex systems of fiber-based materials and structures. Recently, the authors have proposed a novel
all-angle beam contact (ABC) formulation that combines the advantages of existing point and line contact
models in a variationally consistent manner. However, the ABC formulation has so far only been applied in
combination with a special torsion-free beam model, which yields a very simple and efficient finite element
formulation, but which is restricted to initially straight beams with isotropic cross-sections. In order to
abstain from these restrictions, the current work combines the ABC formulation with a geometrically exact
Kirchhoff-Love beam element formulation that is capable of treating even the most general cases of slender
beam problems in terms of initial geometry and external loads. While the neglect of shear deformation that
is inherent to this formulation has been shown to provide considerable numerical advantages in the range
of high beam slenderness ratios, alternative shear-deformable beam models are required for examples with
thick beams. For that reason, the current contribution additionally proposes a novel geometrically exact
beam element based on the Simo-Reissner theory. Similar to the torsion-free and the Kirchhoff-Love beam
elements, also this Simo-Reissner element is based on a C1-continuous Hermite interpolation of the beam
centerline, which will allow for smooth contact kinematics. For this Hermitian Simo-Reissner element, a
consistent spatial convergence behavior as well as the successful avoidance of membrane and shear locking
will be demonstrated numerically. All in all, the combination of the ABC formulation with these different
beam element variants (i.e. the torsion-free element, the Kirchhoff-Love element and the Simo-Reissner
element) results in a very flexible and modular simulation framework that allows to choose the optimal
element formulation for any given application in terms of accuracy, efficiency and robustness. Based on
several practically relevant examples, the different variants are compared numerically, and, eventually, a
general recommendation concerning the optimal choice of beam elements is made.
Keywords: Geometrically exact beam theory, Kirchhoff-Love, Simo-Reissner, smooth beam-to-beam
contact, modeling of slender fibers, finite element method, implicit dynamics
1. Introduction
Highly slender fiber- or rod-like components rep-
resent essential constituents of mechanical systems
in countless fields of application and scientific dis-
ciplines such as mechanical engineering, biomedical
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engineering, materials science and bio- or molecular
physics. Examples are high-tensile industrial web-
bings, fiber-reinforced composite materials, fibrous
materials with tailored porosity, synthetic polymer
materials or also cellulose fibers determining the
characteristics of paper [1, 2, 3, 4, 5]. On entirely
different time and length scales, such slender com-
ponents are relevant when analyzing the supercoil-
ing process of DNA strands, the characteristics of
carbon nanotubes or the Brownian dynamics within
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the cytoskeleton of biological cells [6, 7, 8]. Often,
these slender components can be modeled as 1D
Cosserat continua based on a geometrically nonlin-
ear beam theory. In all mentioned cases, mechani-
cal contact interaction crucially influences the over-
all system behavior. The current work focuses on
the development of finite element formulations that
are capable of accurately modeling the dynamics of
slender components and their contact interaction
and that allow for an efficient and robust numerical
simulation of complex systems of slender fibers.
Geometrically nonlinear beam finite elements are
an efficient and accurate tool for modeling and solv-
ing mechanical problems of the category mentioned
above. In the recent contributions [9, 10], differ-
ent types of nonlinear beam element formulations
have been evaluated and compared, and the so-
called geometrically exact beam formulations (see
e.g [11, 12, 13, 14, 15, 16, 17, 18, 19]) have been rec-
ommended in terms of model accuracy and compu-
tational efficiency as compared with alternative for-
mulations such as absolute nodal coordinate (ANC)
or solid beam elements (see e.g. [20, 21, 22, 23]).
The vast majority of existing geometrically exact
beam element formulations are based on the Simo-
Reissner beam theory of thick rods incorporating
the modes of axial tension, shear, torsion and bend-
ing. On the contrary, in the authors’ recent con-
tributions [24, 25, 26] the first geometrically exact
beam element formulations based on the Kirchhoff-
Love theory of thin rods have been proposed that
are capable of modeling general beam geometries
with arbitrary initial curvatures and anisotropic
cross-section shapes and that preserve important
mechanical properties such as objectivity and path-
independence. According to the Kirchhoff-Love
theory, these formulations abstain from the repre-
sentation of shear deformation. In [26], it has been
shown that the avoidance of the very high stiff-
ness contributions resulting from shear modes leads
to considerable numerical advantages in the range
of high beam slenderness ratios as compared with
existing formulations of Simo-Reissner type. Con-
cretely, a lower discretization error level per degree
of freedom as well as a considerably decreased num-
ber of accumulated Newton iterations, by a factor
of almost two orders of magnitude for high beam
slenderness ratios in the range of ζ= 104, could be
achieved by the proposed Kirchhoff-Love elements
as compared to existing Simo-Reissner elements
from the literature. Since such high beam slender-
ness ratios are typically prevalent in most of the
applications mentioned above, the novel Kirchhoff-
Love elements seem to be the ideal numerical tool
for such scenarios. In the mentioned reference [26],
four different Kirchhoff-Love element variants have
been proposed. They basically differ in the applied
rotation interpolation, either based on a strong or
a weak enforcement of the Kirchhoff constraint, as
well as in the parametrization of nodal rotations,
either based on nodal rotation vectors or on nodal
tangent vectors. Besides these general Kirchhoff-
Love beam element formulations, reduced models
leading to special torsion-free beam element formu-
lations have been proposed in [25]. There, it has
been shown that under certain restrictions concern-
ing the initial beam geometry (straight beams with
isotropic/circular cross-sections) and external loads
(no torsional components of external moments), the
(static) Kirchhoff-Love theory yields solutions with
vanishing torsion even for arbitrarily large displace-
ments and rotations. This finding justified the
development of torsion-free beam element formu-
lations that inherit the high accuracy well-known
for geometrically exact beam element formulations,
while simultaneously avoiding any rotational de-
grees of freedom typical for geometrically exact for-
mulations. In turn, this leads to considerably sim-
plified and consequently more efficient finite ele-
ment formulations, characterized e.g. by symmetric
stiffness matrices as well as symmetric and constant
mass matrices. For all of the (general and reduced)
Kirchhoff-Love element formulations mentioned so
far, essential properties such as objectivity, path-
independence, consistent convergence behavior, the
avoidance of locking effects or the conservation of
energy and momentum by the employed spatial dis-
cretizations have been shown analytically and nu-
merically. Moreover, all of these formulations have
been based on a C1-continuous beam centerline rep-
resentation, which enables smooth kinematics in
the context of beam-to-beam contact schemes.
In the mechanical modeling and numerical sim-
ulation of beam-to-beam contact interaction ba-
sically two different types of approaches can be
distinguished: Point-to-point contact models (see
e.g. [27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37]) con-
sider a discrete contact force at the closest point
of the beams, while line-to-line contact models (see
e.g. [38, 1, 39, 40, 41, 42, 43]) assume distributed
contact forces along the beams. In the authors’ re-
cent work [43, 44], it has been shown that line con-
tact formulations applied to slender beams provide
very accurate and robust mechanical models in the
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range of small contact angles, whereas the compu-
tational efficiency considerably decreases with in-
creasing contact angles. On the other hand, point
contact formulations serve as sufficiently accurate
and very elegant and efficient models in the regime
of large contact angles, while they are not appli-
cable for small contact angles as a consequence of
non-unique closest point projections. In order to
combine the advantages of these two basic types of
formulations, while abstaining from their disadvan-
tages, a novel all-angle beam contact (ABC) for-
mulation has been proposed in [44]. This formu-
lation applies a point contact formulation in the
range of large contact angles and a line contact
formulation in the range of small contact angles,
the two being smoothly connected by means of a
variationally consistent model transition approach.
However, since only the formulation of beam-to-
beam contact schemes themselves was in the focus
of that work, all examples presented there have em-
ployed the reduced torsion-free beam element for-
mulation [25] mentioned above. Undoubtedly, the
assumptions underlying this reduced model are ful-
filled by many of the practically relevant applica-
tions mentioned above. Nevertheless, there is also a
range of applications involving highly slender fibers
where mechanical torsion plays an important role,
e.g. all kinds of initially curved fiber geometries or
fibers loaded by torsional moments.
In order to face this requirement, several orig-
inal scientific contributions are proposed in the
present work. One aim of this contribution is to
combine the all-angle beam contact formulation
proposed in [44] with the different types of gen-
eral Kirchhoff-Love beam element formulations pro-
posed in [26]. Especially the combination with the
rotation vector-based parametrization of nodal ro-
tations as proposed in [26] will allow for a simple re-
alization of complex beam structures with beam-to-
beam joints while still allowing for a C1-continuous
geometry representation and smooth contact kine-
matics. On the other hand, this beam element
variant will require a proper transformation of the
beam-to-beam contact residual and stiffness contri-
butions derived in [44]. While in [26], Kirchhoff-
Love finite elements have been identified as the for-
mulations of choice in the regime of high beam slen-
derness ratios, it is beyond all question that finite
element formulations of Simo-Reissner type should
be preferred for thick beam geometries where shear
deformation may play an important role. Unfor-
tunately, there are only a few very recent con-
tributions considering Simo-Reissner type formu-
lations with smooth geometry representation (see
e.g. [45]), a property that can be regarded as
highly beneficial for beam-to-beam contact formu-
lations. To the best of the authors’ knowledge,
none of these few existing formulations are based
on a Hermite interpolation of the beam centerline
similar to [24, 25, 26]. Compared to alternative
C1-interpolations, such a Hermite representation
comprises the advantage of a simple representation
of nodal orientations and beam-to-beam joints via
nodal rotation / tangent vectors. Moreover, it al-
lows for a modular beam-to-beam contact frame-
work since, on the one hand, the contact interac-
tion is entirely determined by the beam centerline
representation, and, on the other hand, the center-
line discretization of the considered (general and
torsion-free) Kirchhoff-Love elements is based on
the same Hermite polynomials. For these reasons,
a novel geometrically exact Simo-Reissner beam
element formulation based on a third-order Her-
mite centerline interpolation will also be proposed
in this work. For this formulation, optimal spa-
tial convergence rates and the avoidance of mem-
brane and shear locking will be shown numerically.
Eventually, a series of practically relevant appli-
cations that pose important challenges to the ap-
plied beam element formulations will be investi-
gated. Therein, the performance of the different
beam element formulations under consideration, i.e.
of the torsion-free Kirchhoff-Love formulations, the
general Kirchhoff-Love formulations as well as the
Simo-Reissner formulations, will be compared and
a recommendation will be made concerning the op-
timal choice of beam elements.
The remainder of this work is organized as fol-
lows: In Section 2, the most important aspects
of the torsion-free beam element formulation pro-
posed in [25], the Kirchhoff-Love beam element for-
mulations proposed in [26] as well as the under-
lying Hermite interpolation of the beam centerline
are briefly recapitulated. Moreover, the novel Her-
mite interpolation-based Simo-Reissner beam ele-
ment is presented in this section, and important
properties such as optimal spatial convergence be-
havior and the avoidance of membrane locking ef-
fects are verified numerically. In Section 3, the ba-
sics of the ABC formulation first presented in [44]
are repeated. Thanks to the modularity of the
proposed framework, most of the investigated fi-
nite element formulations can directly be combined
with the ABC formulation. Only for the Kirchhoff-
3
Love beam elements with rotation vector-based
parametrization of nodal rotations, a transforma-
tion of the resulting residual and stiffness contribu-
tions is required, which will also be considered in
Section 3. Subsequently, Section 4 contains a se-
ries of practically relevant numerical examples that
are intended to investigate and compare the perfor-
mance of the different finite element variants. Even-
tually, in Section 5, a summary of the most impor-
tant results and a recommendation concerning the
optimal choice of beam elements will be given.
2. Geometrically exact beam elements
The geometrically exact beam theory considered
in this work is based on the Bernoulli hypothesis
of undeformable cross-sections. Consequently, the
configuration of the beam is uniquely defined by the
beam centerline curve s, t→ r(s, t) ∈ <3 represent-
ing the line that connects the cross-section centroids
and by a field of right-handed orthonormal triads
s, t→ Λ(s, t) := (g1(s, t),g2(s, t),g3(s, t))ei ∈ SO3
rigidly attached to these cross-sections and deter-
mining their orientation. Here, the rotation ten-
sor Λ(s, t) describes the rotation from the global
Cartesian frame e1, e2, e3 onto the local cross-
section frame g1(s, t),g2(s, t),g3(s, t) according to
gj(s, t) = Λ(s, t)ej(s, t) for j = 1, 2, 3 and SO
3
represents the so-called special orthogonal group
of 3D rotations. Furthermore, t is the time and
s ∈ [0, l] =: Ωl ⊂ < is an arc-length parametriza-
tion of the initial centerline curve r0(s) and l ∈ <
the beam length in the initial configuration. Here
and in the following, the index 0 of a quantity refers
to the unstressed initial configuration. Throughout
this work, the index near a matrix (.)ei denotes the
basis in which the associated tensor is represented.
The kinematic quantities describing the initial and
deformed configuration of the beam are illustrated
in Figure 1. Throughout this work, the beam slen-
derness ratio ζ := l/R, defined as the ratio of the
beam length l and the cross-section radius R, will
often be employed as tool of characterization.
The following spatial discretization will exclu-
sively be performed in the context of the finite el-
ement method (FEM). The discretization of the
rotation field Λ(s, t) usually represents the major
complexity in the development of geometrically ex-
act beam element formulations, since the underly-
ing configuration space SO3 represents a nonlinear
manifold lacking standard vector space properties
such as additivity or commutativity for its elements.
However, the beam-to-beam contact schemes con-
sidered in this contribution are based on the addi-
tional assumption of circular cross-sections. Even
though the rotation interpolation is still a crucial
constituent of the beam element formulation, the
beam contact interaction is entirely described by
the beam centerline configuration in this case. For
that reason, the challenging topic of interpolating
the rotation field Λ(s, t) will not be further detailed
here. Instead, the focus lies on the beam centerline
interpolation and the associated nodal degrees of
freedom. For simplicity, the arguments s and t will
often be omitted in the following.
For conservative systems, the beam problems
under consideration can be described by energy
contributions Πkin,Πint,Πext and Πcon resulting
from kinetic, internal, external and contact forces.
Based on the Hamilton principle, the strong form
of the dynamic balance equations within a consid-
ered time interval t ∈ [0, T ] can be derived via the
following variational problem statement:
δ
T∫
t=0
L dt = 0 with [δr=0, δΛ=0]t=Tt=0 . (1)
The Lagrangian L occurring in (1) is defined as
L=Πkin−Πint−Πext−Πcon
=Πkin−Πint+Wext−Πcon,
(2)
where the alternative variant employed in the sec-
ond line of (2) is based on the work contribution
Wext =−Πext of the external forces. On the other
hand, the weak form of balance equations required
for the FEM discretization can be derived by ap-
plying the method of weighted residuals to the cor-
responding strong form, a more general procedure
that is also valid for non-conservative problems. In-
serting the test and trial functions underlying the
finite element discretization into the weak form of
the dynamic balance equations typically yields a
global system of equations of the form
Rtot=Rkin(X, X˙, X¨)+Rint(X)−Rext(X)
+ Rcon(X)=0.
(3)
The global residual vector (3) represents the spa-
tially discretized weak form of mechanical equilib-
rium, where X is the assembled global vector of
time-continuous primary variables containing the
nodal degrees of freedom of the finite element dis-
cretization and ˙(.) as well as (¨.) represent the
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Figure 1: Kinematic quantities defining the initial and deformed configuration of the geometrically exact beam.
first and second time derivative. How to express
these derivatives via displacements of the current
and preceding time steps based on a proper tem-
poral discretization scheme will be discussed in
Section 2.5. The global residual contributions of
internal, kinetic, external and contact forces re-
sult from a proper assembly of the corresponding
element-wise contributions rint(xˆ), rkin(xˆ), rext(xˆ)
and rcon(xˆ), which will be considered in this sec-
tion and the subsequent Section 3. Here, the vector
xˆ summarizes all nodal degrees of freedom associ-
ated with one finite element. The system of equa-
tions resulting from (3) after temporal discretiza-
tion will depend in a nonlinear manner on the vec-
tor of nodal unknowns Xn at a considered (discrete)
time step n. Within this work, a Newton-Raphson
scheme will be employed in order to solve this non-
linear system of equations. Element-local as well
as assembled global contributions to the lineariza-
tion of (3) will be denoted as kint, kkin, kext, kcon as
well as Kint,Kkin,Kext,Kcon in the following, with
k... := dr.../dxˆ and K... := dR.../dX.
2.1. Beam centerline interpolation
All beam element formulations considered in this
work share the same C1-continuous centerline inter-
polation based on third-order Hermite polynomials
as proposed in [24]. Concretely, a Bubnov-Galerkin
approach is followed in this contribution leading to
a discretized beam centerline given by:
r(ξ)≈rh(ξ)=
2∑
i=1
N id(ξ)d
i+
l
2
2∑
i=1
N it (ξ)t
i,
δr(ξ)≈δrh(ξ)=
2∑
i=1
N id(ξ)δd
i+
l
2
2∑
i=1
N it (ξ)δt
i.
(4)
Here, di, ti ∈ <3 are position and tangent vectors
at the two element nodes i = 1, 2, δdi, δti ∈ <3
represent their variations and ξ ∈ [−1; 1] is an
element parameter coordinate that can explicitly
be related to the arc-length coordinate s accord-
ing to (.),s = (.),ξ · J(ξ), with the element Jaco-
bian J(ξ) = ||r0,ξ(ξ)||. Similar to the abbreviation
(.)′= (.),s for the arc-length derivative, we will use
the notation (.)p = (.),ξ for the derivative with re-
spect to the parameter coordinate. Here and in
the following, the index h denotes the spatially dis-
cretized version of a quantity, but this index will
often be omitted in the following when there is no
danger of confusion. The third-order Hermite shape
functions N id(ξ) and N
i
t (ξ) (see [24] for the proper-
ties of these polynomials) are defined as
N1d =
1
4
(2+ξ)(1−ξ)2, N2d =
1
4
(2−ξ)(1+ξ)2,
N1t =
1
4
(1+ξ)(1−ξ)2, N2t =−
1
4
(1−ξ)(1+ξ)2,
(5)
and provide a C1-continuous beam centerline repre-
sentation, thus enabling smooth contact kinematics
for all investigated beam element variants.
2.2. Simo-Reissner beam element
2.2.1. Space-continuous problem
The Simo-Reissner theory allows for shear-
deformation, i.e. the cross-section orientation is
completely independent from the beam centerline
curve and can in general be described by three de-
grees of freedom, e.g. in terms of a rotation vec-
tor field ψ(s) ∈ <3 according to Λ(s) = Λ(ψ(s)).
For further details on large rotations and how
such a rotation vector parametrization can be re-
alized by means of the so-called Rodrigues for-
mula, the interested reader is exemplarily referred
to [46, 16, 17, 47, 48]. In a next step, the sim-
plest possible case is assumed for the constitutive
behavior of the beam, i.e. that it can be described
by means of a length-specific hyper-elastic stored
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energy function as proposed in [16]:
Π˜int(Ω,Γ)=
1
2
ΩTCMΩ+
1
2
ΓTCFΓ. (6)
In the following, length-specific Π˜... and integrated
Π... energy contributions are related according to:
Π...=
l∫
0
Π˜...ds. (7)
The material deformation measure S(Ω) := ΛTΛ′
represents torsion and bending, while Γ :=ΛTr′−e1
represents axial tension and shear. Moreover, S(a)
denotes the unique skew-symmetric tensor repre-
senting the vector product S(a)b = a×b for a,b∈
<3. The constitutive matrices CM and CF read
CM =diag
[
GIT , EI2, EI3
]
ei
,
CF =diag
[
EA,GA2, GA3
]
ei
,
(8)
where E and G are the Young’s modulus and the
shear modulus, A,A2, A3 are the cross-section area
and the reduced cross-section values, I2 and I3 are
the two principal moments of inertia and IT is the
torsional moment of inertia. Similarly, the length-
specific kinetic energy can be formulated as:
Π˜kin(w, r˙)=
1
2
wTcρw+
1
2
ρAr˙Tr˙. (9)
Equivalently to (8), the inertia tensor cρ is given:
cρ=diag
[
ρ(I2+I3︸ ︷︷ ︸
=:IP
), ρI2, ρI3
]
gi
. (10)
Here, ρ is the mass density, r˙ the centerline velocity
vector and S(w) :=Λ˙ΛT defines the spatial angular
velocity vector w. Based on these energies and the
consideration of external forces acting on the beam
domain and boundary, the weak form of the balance
equations can be derived (see e.g. [16]):
G=
l∫
0
(
δθ′Tm︸ ︷︷ ︸
δoωTm
+ (δr′ − δθ × r′)T f︸ ︷︷ ︸
δoγT f
)
ds
−
l∫
0
(
δθT (m˜ + mρ) + δr
T (f˜ + fρ)
)
ds
−
[
δrT fσ
]
Γσ
−
[
δθTmσ
]
Γσ
=˙ 0.
(11)
In (11), the distributed external forces f˜ and mo-
ments m˜, the discrete forces fσ and moments mσ
at the Neumann boundary Γσ, the vector of (ad-
ditive) virtual displacements δr(s) ∈ <3 as well
as the vector of (multiplicative) virtual rotations
δθ(s) ∈ <3, also denoted as spin vector, can be
identified. The identity of the objective variations
δo(.) :=δ(.)−δθ×(.) of the spatial deformation mea-
sures ω :=ΛΩ and γ :=ΛΓ with the curley bracket
terms has been shown in [16] via work-pairing. Fur-
thermore, the force and moment stress resultants f
and m as well as the distributed inertia forces and
moments fρ and mρ are defined according to
f =ΛCFΓ, m=ΛCMΩ,
fρ=−ρAr¨, mρ=−(S(w)cρw+cρa),
(12)
where r¨ is the centerline acceleration vector and
a := w˙ the spatial angular acceleration vector. Fi-
nally, the problem formulation has to be completed
by proper boundary conditions on the Neumann
and Dirichlet boundaries Γσ and Γu and proper ini-
tial conditions at t = 0 in order to end up with a
well-defined initial boundary value problem:
r=ru, Λ=Λu on Γu,
f = fσ, m=mσ on Γσ,
r=r0, r˙=v0, Λ=Λ0, w=w0 at t=0.
(13)
Based on a proper trial space (r(s, t),Λ(s, t)) ∈ U
of functions satisfying (13) and a proper weight-
ing space (δr(s), δθ(s)) ∈ V of functions satisfying
δr = 0, δθ = 0 onΓu, the space-continuous Simo-
Reissner beam problem is completely defined.
2.2.2. Spatial discretization
The essential step in deriving the element resid-
ual vector from this weak form lies in the spatial
discretization of the centerline curve r and the ro-
tation field Λ, i.e. in replacing the trial and test
spaces U and V by suitable finite-dimensional sub-
spaces Uh ⊂ U and Vh ⊂ V. Here, the centerline
discretization will be given by the C1-continuous
Hermite interpolation (4) specifiing rh(ξ) as well as
δrh(ξ). On the other hand, the interpolation of the
rotation field is given by the three-noded variant of
the objective interpolation scheme proposed in [11].
Assuming that each of the three nodal triads Λi for
i= 1, 2, 3 is uniquely defined by proper nodal pri-
mary degrees of freedom, this interpolation can be
formulated in the following abstract manner:
Λ(ξ)≈Λh(ξ)=nlSR(Λ1,Λ2,Λ3, ξ). (14)
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The expression nlSR(.) in (14) should represent an
arbitrary function that depends on its arguments in
a nonlinear manner. Following the approach in [11],
the field of virtual rotations δθ(s) is discretized in
a Petrov-Galerkin manner based on third-order La-
grange polynomials Li(ξ) according to:
δθh(ξ) =
3∑
i=1
Li(ξ)δθˆi. (15)
The specific analytical expression for the interpola-
tion (14) as well as the resulting element residual
and stiffness matrices are given in Appendix A. It
is assumed that the nodal primary degrees of free-
dom describing the nodal triads Λi(ψi) are given
by nodal rotation vectors ψi ∈ <3 for i = 1, 2, 3.
Additionally, the nodal primary degrees of freedom
dˆ1, tˆ1, dˆ2, dˆ2 at the element boundary nodes 1 and
2 are employed in order to define the Hermite cen-
terline interpolation (4). Here and in the following,
nodal primary variables of the finite element dis-
cretization will be marked by a hat (ˆ.). All in all,
it can be concluded that the configuration of one
finite element is completely defined by a set xˆSR of
nodal degrees of freedom uniquely determining the
discrete beam centerline curve (4) and the rotation
field (14). Since the beam-to-beam contact schemes
considered in this work solely depend on the beam
centerline configuration, an additional element-wise
subset of nodal degrees of freedom dˆSR sufficient to
describe the centerline curve is introduced at this
point. These two sets xˆSR and dˆSR shall briefly be
summarized for the proposed smooth Simo-Reissner
element, in the following denoted as SR element:
Λ1(ψˆ1), Λ2(ψˆ2), Λ3(ψˆ3),
d1 = dˆ1, d2 = dˆ2,
t1 = tˆ1, t2 = tˆ2,
xˆSR :=(dˆ
1T, tˆ1T, ψˆ1T, dˆ2T, tˆ2T, ψˆ2T , ψˆ3T )T ,
dˆSR :=(dˆ
1T, tˆ1T, dˆ2T, tˆ2T)T .
(16)
In Figure 2, the number of degrees of freedom as-
sociated with the element boundary nodes 1 and 2
and the element mid node 3 are illustrated.
Figure 2: Degrees of freedom of Simo-Reissner element
As argued in Appendix A, the employed in-
terpolation schemes will result in a finite element
formulation that preserves objectivity and path-
independence, a crucial property for geometrically
exact beam elements. Furthermore, the spatial dis-
cretization allows for an exact conservation of lin-
ear and angular momentum. Moreover, a reduced
Gauss-Lobatto integration scheme will be applied
for integration of the weak form contributions as-
sociated with the deformation measure Γ in order
to avoid membrane and shear locking. In the next
section, this latter statement will be verified nu-
merically by investigating the spatial convergence
based on a benchmark test from the literature.
2.2.3. Verification of spatial convergence
The initial geometry is represented by a 45◦-
degree circular arc-segment with curvature radius
r0 = 100 that lies completely in the global x-y-
plane and that is clamped at one end. The section
constitutive parameters of the beam result from
a quadratic cross-section shape with side length
R = 1 and a Young’s modulus of E = 107 as well
as a shear modulus of G = 0.5 · 107. This ini-
tial geometry is loaded by an out-of-plane force
f = (0, 0, fz)
T in global z-direction with magnitude
fz = 600. This example has initially been pro-
posed by Bathe and Bolourchi [22] and can mean-
while be considered as standard benchmark test
for geometrically exact beam element formulations
that has been investigated by many authors (see
e.g. [17, 47, 49, 50, 51, 13, 52, 53, 12, 14, 9, 54]).
While the original definition of the slenderness ratio
yields a value of ζ= l/R=100pi/4 for this example,
a slightly modified definition of the slenderness ra-
tio according to ζ˜=r0/R=100 is employed here.
For comparison reasons, also a second variant
of this example with increased slenderness ratio
ζ˜ = r0/R = 10000, i.e. R = 0.01, and adapted
force fz = 6 · 10−6 will be investigated. The ini-
tial and deformed geometry are illustrated in Fig-
ure 3. In Figure 4, the relative L2-error (see e.g. [24]
for the exact definition of the applied error norm)
has been plotted over the total number of degrees
of freedom for the two different slenderness ratios
ζ˜ = 100 and ζ˜ = 10000 as well as for discretiza-
tions with 1, 2, 4, 8, 16, 32, 64 and 128 Simo-Reissner
(SR) elements. In order to investigate the effec-
tiveness of the employed reduced integration proce-
dure (RI) based on a 3-point Gauss-Lobatto inte-
gration scheme (integration points at the element
boundary nodes and the element mid-point), also
7
Figure 3: Initial (red) and final (green) geometry.
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Figure 4: L2-error for two slenderness ratios ζ˜ and
full/reduced integration (FI/RI). Ref.: 512 SR elements.
the L2-error resulting from a full integration (FI)
by means of a 4-point Gauss-Legendre integration
scheme is presented in Figure 4. Similar to the ob-
servations made in [25], the full integration leads
to a clearly visible decline in the spatial conver-
gence rate that can be attributed to membrane
and shear locking. The deterioration of the con-
vergence order increases with increasing beam slen-
derness ratio ζ˜ and decreases with mesh refinement
as consequence of an decreasing element slender-
ness ratio (see also [25]). On the contrary, the pro-
posed reduced Gauss-Lobatto integration scheme
successfully avoids membrane and shear locking,
thus leading to the optimal convergence order of
four for both investigated beam slenderness ratios.
Furthermore, it has been verified numerically (not
plotted in Figure 4) that a reduced integration ap-
proach based on a 3-point Gauss-Legendre integra-
tion scheme (3 integration points in the elements
interior) hardly improves the spatial convergence
behavior as compared to the 4-point scheme plot-
ted in Figure 4. This observation underlines the
importance of the special choice of Gauss-Lobatto
integration points, which are identical to the collo-
cation points applied by the MCS method as pro-
posed in [25] for the avoidance of membrane locking.
2.3. Kirchhoff-Love beam element
2.3.1. Space-continuous problem
In contrast to the developments of the last sec-
tion, the Kirchhoff-Love theory is based on the ad-
ditional constraint of vanishing shear strains, re-
quiring that the cross-section triads remain perpen-
dicular to the beam centerline tangent t(s) :=r′(s):
g2(s) · t(s) ≡ 0 and g3(s) · t(s) ≡ 0. (17)
Due to this constraint, the cross-section orientation
is not described by three independent parameters
ψ(s) ∈ <3 anymore. Instead, it is defined by the
tangent vector t(s) and one additional scalar de-
grees of freedom ϕ(s) representing twist rotations
with respect to the tangent vector. Analogously,
the spin vector is subject to the Kirchhoff constraint
and can be uniquely defined by an additional scalar
variational degree of freedom δΘ1:
Λ(s)=Λ(t(s), ϕ(s)) with r′=t, g1 =
t
||t||
δθ=δθ‖+δθ⊥=δΘ1g1+
S(t)δt
||t||2 .
(18)
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Basically, the length-specific kinetic and hyper-
elastic energies as well as the weak form of the
Kirchhoff-Love theory can be derived from the cor-
responding quantities of the Simo-Reissner theory
by inserting the constraints (18). For the length-
specific hyper-elastic stored energy function, this
procedure shall briefly be demonstrated
Π˜int(Ω, )=
1
2
ΩTCMΩ+
1
2
EA2, (19)
while the kinetic energy remains unchanged as com-
pared to (9). In (19), the deformation measure Ω
associated with torsion and bending is defined as
in the Simo-Reissner case, but with Λ(t(s), ϕ(s))
instead of Λ(ψ(s)), while  = ||r′||−1 represents
the axial tension of the beam centerline. The
energy contribution of the shear modes vanishes
as consequence of the Kirchhoff constraint (17).
Consequently, the weak form (11) can be simpli-
fied by replacing the term (δr′ − δθ × r′)T f with
δEA =: δF1. Or in other words, the restric-
tion of the arbitrary variations δθ by the Kirchhoff-
constraint (17) eliminates the shear force contribu-
tions f⊥= f−F1g1 from the weak form. However, the
choice of a suitable, singularity-free parametriza-
tion and interpolation of the constrained rotation
field Λ(t(s), ϕ(s)) that preserves essential proper-
ties such as objectivity and path-independence is a
non-trivial task, which makes the finite element re-
alization of Kirchhoff-Love formulations often more
challenging than for Simo-Reissner formulations.
This issue will not be further detailed in this work,
and the interested reader is examplarily referred
to [24, 26] instead. In the following section, only the
most important information on spatial discretiza-
tion that is required for the beam-to-beam contact
formulations in Section 3 will be presented.
2.3.2. Spatial discretization
Also the Kirchhoff-Love element formulations
presented in this section will rely on a smooth Her-
mite interpolation of the beam centerline according
to (4). Furthermore, similar to the Simo-Reissner
case above, the rotation interpolation is based on
three nodal triads Λ1,Λ2 and Λ3. However, due to
the Kirchhoff constraint of vanishing shear defor-
mation, only one additional scalar degree of free-
dom (DoF) ϕˆi is required at each node in order to
determine the orientation of the nodal triads:
Λ1(tˆ1, ϕˆ1), Λ2(tˆ2, ϕˆ2), Λ3(t(ξ3), ϕˆ3),
d1 = dˆ1, d2 = dˆ2,
t1 = tˆ1, t2 = tˆ2,
xˆKL−TAN :=(dˆ1T, tˆ1T, ϕˆ1, dˆ2T, tˆ2T, ϕˆ2, ϕˆ3)T ,
dˆKL−TAN :=(dˆ1T, tˆ1T, dˆ2T, tˆ2T)T .
(20)
Is is emphasized, that the tangent vectors at the
element boundary nodes 1 and 2 are given by the
nodal tangents tˆ1 and tˆ2 representing primary vari-
ables of the Hermite interpolation (4), while the
tangent vector at the element mid-node 3 is deter-
mined by the arc-length derivative t(ξ3) = r′(ξ3) of
the Hermite interpolation (4) evaluated at the mid-
node coordinate ξ3 = 0. Consequently, this mid-
triad depends on all four nodal vectors dˆ1, dˆ2, tˆ1
and tˆ2 defining the beam centerline. Details, how
the scalar degrees of freedom ϕˆi are actually de-
fined and the triad orientation is ”measured” can
be found in [26] and will not be further specified
here. Also the vectors xˆKL−TAN and dˆKL−TAN ,
containing all element DoFs and the element cen-
terline DoFs, respectively, have been summarized
in (18). Accordingly, the proposed elements consist
of two boundary nodes with seven DoFs as well as
one mid-node with one DoF (see Figure 5).
Figure 5: Degrees of freedom of Kirchhoff-Love element
So far, the four degrees of freedom (tˆi, ϕˆi) for
i = 1, 2 have been applied in order to determine
the orientation of the nodal triads Λi = Λ(ξi) as
well as the orientation and norm of the non-unit
tangent vectors ti = t(ξi) at the element boundary
nodes 1 and 2. Due to the Kirchhoff constraint
ti = ||ti||gi1 and the definition of the rotation tensor
gi1 = Λ
ie1, these nodal quantities can alternatively
also be parametrized by the set (ψˆi, tˆi) for i = 1, 2,
where the ψˆi represent nodal rotation vectors as
introduced in Section 2.2 and tˆi := ||ti|| is defined
as the norm of the nodal tangent vectors. This
second, rotation vector-based variant leads to the
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following set of nodal primary degrees of freedom:
Λ1(ψˆ1), Λ2(ψˆ2), Λ3(t(ξ3), ϕˆ3),
d1 = dˆ1, d2 = dˆ2,
t1 = tˆ1Λ1(ψˆ1)e1, t
2 = tˆ2Λ2(ψˆ2)e1,
xˆKL−ROT :=(dˆ1T, ψˆ1T, tˆ1, dˆ2T, ψˆ2T, tˆ2, ϕˆ3)T ,
dˆKL−ROT :=(dˆ1T, ψˆ1T, tˆ1, dˆ2T, ψˆ2T, tˆ2)T .
(21)
It is emphasized that the finite element formulation
resulting from this choice of nodal primary degrees
of freedom is the only one considered in this work
for which the nodal tangent vectors appearing in
the Hermite interpolation (4) are no primary vari-
ables of the discretization, but depend on the alter-
native set (ψˆi, tˆi). Consequently, this will be the
only element formulation where the beam-to-beam
contact schemes considered in Section 3 have to be
adapted as compared to the original works [43, 44].
It has been derived in [26] that the finite element
formulations resulting from the tangent vector-
based rotation parametrization (20) and from the
rotation vector-based rotation parametrization (21)
will yield identical finite element solutions. How-
ever, it has also been shown that the variant (20)
typically leads to a better performance of the non-
linear solver, while the variant (21) simplifies the
modeling of complex Dirichlet boundary conditions
and joints. This latter aspect will be demonstrated
in the numerical example of Section 4.1. Through-
out this work, the general Kirchhoff-Love elements
presented in this section will be denoted as KL
elements. More specifically, the tangent vector-
based variant (20) and the rotation vector-based
variant (21) will be distinguished by the notations
KL-TAN and KL-ROT when necessary.
Besides the two different parametrizations of
nodal triads considered so far, also two different in-
terpolation schemes for the rotation field Λ(s) have
been considered in [26]. The first one is based on a
strong enforcement of the Kirchhoff constraint and
shall be noted in an abstract manner as follows:
Λ(ξ)≈Λh(ξ)=nlSKL(Λ1,Λ2,Λ3, t(ξ), ξ). (22)
Here, the notation nlSKL(.) again represents a non-
linear function in its arguments. Since the Kirch-
hoff constraint has to be fulfilled in a strong man-
ner, the interpolation scheme (22) does not only
depend on the nodal triads Λi, but also on the
arc-length derivative t(ξ) of the discrete centerline
curve (4). The second interpolation scheme pro-
posed in [26] fulfills the Kirchhoff constraint only
at the three element nodes. Consequently, an ar-
bitrary rotation interpolation scheme can be cho-
sen between the nodal triads Λi. In [26], the same
rotation interpolation scheme (14) as for the Simo-
Reissner case has been employed:
Λ(ξ)≈Λh(ξ)=nlWKL(Λ1,Λ2,Λ3, ξ)
=nlSR(Λ
1,Λ2,Λ3, ξ).
(23)
The indices SKL and WKL stand for a strong and
weak enforcement of the Kirchhoff constraint, re-
spectively. Both variants apply the Hermite in-
terpolation (4) for the beam centerline. All in
all, four different finite element variants SKL-TAN,
SKL-ROT, WKL-TAN, WKL-ROT result from a
combination of the two interpolation schemes (22)
and (23) as well as the two sets of nodal rotation
parametrizations (20) and (21). However, only the
latter aspect will be important for the considered
beam-to-beam contact schemes, whereas a detailed
description and comparison of the two different ro-
tation interpolations can be found in [26]. Conse-
quently, no distinction will be made between the
SKL and WKL variants in the following, and the
additional indices S and W will be omitted. The
element residual and stiffness contributions of all
these four variants are again summarized in [26].
Moreover, in that reference, it has been shown that
the Kirchhoff-Love element formulations considered
in this section typically yield a lower discretization
error level per degree of freedom as comparable
Simo-Reissner elements from the literature. Also
the observed nonlinear solver performance clearly
advocates the application of Kirchhoff-Love formu-
lations in the range of high beam slenderness ra-
tios. Concretely, savings in the total number of
Newton iterations up to two orders of magnitude
could be achieved for slenderness ratios in the range
of ζ = 104 as compared to the investigated Simo-
Reissner formulations. Subsequent numerical ex-
amples will confirm this trend.
2.4. Torsion-free beam element
The torsion-free beam element formulation con-
sidered in the following has originally been pro-
posed in [25]. There, it has been shown that under
certain restrictions concerning initial beam geom-
etry (straight beams with isotropic/circular cross-
sections) and external loads (no torsional compo-
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nents of external moments), expressed by
I2 = I3 =: I, κ0 ≡ 0,
g1(s, t)·m˜(s, t)≡0,
[
g1(t)·mσ(t)
]
Γσ
=0,
(24)
the Kirchhoff-Love theory yields solutions with van-
ishing torsion even for arbitrarily large displace-
ments and rotations. Here, the Frenet-Serret vector
κ :=
S(r′)r′′
||r′||2 (25)
describes the curvature of the beam centerline. This
finding of vanishing torsion justified the develop-
ment of a static torsion-free beam element formu-
lation in [25]. In [43], the formulation has been ex-
tended to dynamics, yielding the following length-
specific kinetic and hyper-elastic stored energies:
Π˜kin :=
1
2
ρAv2, Π˜int :=
1
2
[
EA2+EIκ2
]
. (26)
Consequently, the deformation is entirely described
by the modes of axial tension  and (isotropic)
bending κ := ||κ||, while the considered inertia ef-
fects solely depend on the centerline velocity field
v := ||r˙||. Deriving the weak form of balance equa-
tions from these energy expressions yields the fol-
lowing very compact result:
0=
l∫
0
[
δEA+ δκEIκ+ δrTρAr¨
]
ds
−
l∫
0
[
δrT f˜ +δθT⊥m˜⊥
]
ds−
[
δrT f¯ +δθT⊥m¯⊥
]
Γσ
.
(27)
As indicated by the subscript (.)⊥, the torsion-free
beam theory is only applicable if the external mo-
ment vectors contain no components parallel to the
centerline tangent. In [25], the result that restric-
tions (24) lead to a state of (exactly) vanishing
torsion for large-deformation Kirchhoff-Love beam
problems has only been derived for static problems.
However, the observations made in numerical in-
vestigations suggest that these restrictions typically
lead to very small, although not exactly vanishing,
torsion values also for dynamic problems, which jus-
tifies the application of the torsion-free beam ele-
ment, in the following denoted as TF element, also
in such scenarios. A thorough mechanical deriva-
tion of this result for the general case of dynamic
Kirchhoff-Love beam problems will be addressed in
a forthcoming contribution. From (27), it can read-
ily be seen that the torsion-free beam problem is
completely defined by the configuration of the beam
centerline, which will be discretized by means of (4)
also for the TF beam element formulation. Thus,
the challenging and computationally involved dis-
cretization of the rotation field can completely be
avoided, which results in twelve degrees of freedom
entirely describing the element state:
d1 = dˆ1, d2 = dˆ2,
t1 = tˆ1, t2 = tˆ2,
xˆTF = dˆTF :=(dˆ
1T, tˆ1T, dˆ2T, tˆ2T)T .
(28)
For the TF beam element, the required number of
degrees of freedom is visualized in Figure 6.
Figure 6: Degrees of Freedom of Torsion-Free element
The resulting element residual vector and stiff-
ness matrix for the dynamic case are summarized
in [43]. Due to the complete avoidance of any rota-
tional degrees of freedom, standard procedures such
as spatial discretization (in a manner that preserves
objectivity of deformation measures), linearization,
configuration updates, or time integration via fi-
nite differences in dynamics are considerably sim-
plified as compared to standard geometrically ex-
act beam elements, while still inheriting the high
degree of computational accuracy and efficiency of
these formulations. In contrast to standard geo-
metrically exact formulations, the TF element will
result in a symmetric tangent stiffness matrix (as
long as no external moment contributions are con-
sidered, which are known to be non-conservative)
and a symmetric and constant mass matrix (see also
Section 2.5.1). The torsion-free model also seems
to provide an ideal tool for the mechanical investi-
gation of cable-like structures or 1D quasi-continua
such as chains. In pure cable formulations, artificial
bending terms are often necessary in order to sta-
bilize compressional modes. On the contrary, the
torsion-free formulation naturally provides such a
stabilization in a mechanically consistent manner.
2.5. Temporal discretization
While spatial discretization has exclusively been
based on the finite element method (FEM), fi-
nite difference (FD) schemes will be employed for
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temporal discretization. Thereto, the considered
time interval of interest t ∈ [0, T ] is subdivided
into equidistant subintervals [tn, tn+1] with con-
stant time step size ∆t, where n ∈ N0 is the time
step index. Consequently, the solution for the pri-
mary variable fields describing the current config-
uration C(s, t) := (r(s, t),Λ(s, t)) is computed at a
series of discrete points in time with configurations
C(s, tn) := (r(s, tn),Λ(s, tn)) =: (rn(s),Λn(s)). In
the following, the temporal discretization of the
TF beam element presented in the last section, as
well as of the Simo-Reissner and Kirchhoff-Love el-
ements presented previously, will be considered.
2.5.1. Torsion-free beam element
For the torsion-free beam element, only the sec-
ond time derivative of the primary variable field
r(s, t) appears (linearly) in the weak form (27).
Consequently, the assembled global residual vec-
tor (3) of the spatially discretized, time-continuous
beam problem can be simplified for this formulation
on the basis of a constant global mass matrix M:
Rtot=MX¨(t)+Rint(X(t))−Rext(X(t))
+ Rcon(X(t))=0.
(29)
The structure of this system of residual equations
is identical to the structure resulting from standard
3D volume finite elements. Consequently, also a
standard time discretization scheme typically com-
bined with this category of 3D finite elements can
be chosen. In the present work, the well-known
(standard) generalized−α method [55] based on the
parameters β, γ, αm and αf is employed for tempo-
ral discretization of the global vector of nodal pri-
mary variables X(t). The temporal discretization
process is indentical to standard 3D elements and
the required constant mass matrix is given in [43].
2.5.2. Simo-Reissner and Kirchhoff-Love elements
For temporal discretization of the Simo-Reissner
and Kirchhoff-Love beam elements considered in
this work, an extension of the generalized−α
scheme recently proposed by [56, 57, 58] for the
treatment of large rotations will be applied. Com-
pared to the standard generalized−α scheme, the
extended variant allows for temporal discretization
based on multiplicative rotation increments. Such a
procedure is independent from the specific rotation
parametrization, which not only leads to consider-
ably simplified discrete expressions, but also to a
very general scheme that can be directly applied
to arbitrary Simo-Reissner or Kirchhoff-Love beam
element formulations without the need for addi-
tional adaptions. Also this extended generalized−α
scheme can be identified as an implicit, one-step
finite difference scheme inheriting the desirable
properties of the standard generalized−α scheme
such as second-order accuracy, unconditional sta-
bility (within the linear regime), controllable damp-
ing of the high-frequency modes and minimized
damping of the low-frequency modes. Remark-
ably, the parameter choice leading to this opti-
mal behavior is identical to that of the standard
generalized−α scheme. Due to the inertia moment
term S(w)cρw + cρa in (12), the inertia residual
contributions will in general depend on the primary
variables and their time derivatives in a nonlinear
manner and does consequently not allow for a sim-
plification as in (29). More details on the combi-
nation of this extended generalized−α scheme with
the geometrically exact beam element formulations
considered herein as well as the inertia residual and
stiffness contributions can be found in [26]. The
corresponding inertia residual and stiffness contri-
butions of the Simo-Reissner element proposed in
Section 2.2 are presented in Appendix A.
3. Beam-to-beam contact formulation
In this section, the essential constituents of the
all-angle beam contact (ABC) formulation pro-
posed in [44] (see Section 3.3), as well as the un-
derlying point-to-point (Section 3.1) and line-to-
line (Section 3.2) contact models will be repeated.
While for most of the finite element formulations
considered in the present work, the contact resid-
ual and stiffness contributions derived in [44] can
directly be applied, the Kirchhoff-Love element for-
mulation with a rotation vector-based parametriza-
tion of the nodal triads according to (20) requires
some additional transformations. These transfor-
mations will be presented in Section 3.4.
In the following, two beams 1 and 2 with cross-
section radii R1 and R2 are considered. The beam
centerlines are represented by two parametrized
curves r1(ξ) and r2(η) with curve parameters ξ and
η. Furthermore, r1,ξ(ξ) = r
p
1(ξ) and r2,η(η) = r
p
2(η)
denote the tangents to these curves at positions
ξ and η, respectively. It is assumed that for the
spatially discretized space curves a unique tangent
vector exists at every position ξ and η. This re-
quirement is satisfied by means of the employed
C1-continuous Hermite interpolation (4).
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3.1. Point contact model
In the following, the basics of the well-known
point contact formulation [27] are presented. The
point-to-point beam contact model enforces the
contact constraint by prohibiting penetration of the
two beams at the closest point positions ξc and ηc.
The coordinates of these points are defined as solu-
tion of the bilateral closest point projection:
dbl := min
ξ,η
d(ξ, η) = d(ξc, ηc),
d(ξ, η) := ||r1(ξ)− r2(η)||.
(30)
This leads to two orthogonality conditions to be
solved for the unknown coordinates ξc and ηc:
rT1,ξ(ξ) (r1(ξ)− r2(η))=˙0,
rT2,η(η) (r1(ξ)− r2(η))=˙0.
(31)
The non-penetration condition at the closest point
is formulated by means of the inequality constraint
g ≥ 0 with g := dbl −R1 −R2, (32)
where g is the gap function. This constraint is en-
forced by means of the penalty potential
Πcε =
1
2
ε〈g〉2 with 〈x〉 =
{
x, x ≤ 0
0, x > 0
. (33)
Variation of the penalty potential (33) yields the
point contact contribution to the weak form:
δΠcε = ε〈g〉δg = ε〈g〉 (δr1c − δr2c)Tn,
fcε = −ε〈g〉︸ ︷︷ ︸
=:fcε
n, n :=
r1(ξc)− r2(ηc)
||r1(ξc)− r2(ηc)|| .
(34)
According to (34), the point-to-point beam con-
tact formulation models the contact force fcε that
is transferred between the two beams as a discrete
point force acting at the closest points of the beam
centerlines in normal direction n. The kinematic
quantities introduced above are illustrated in Fig-
ure 7. For later use, also the so-called contact angle
shall be defined as the angle between the tangent
vectors at the contact points:
α = arccos (z), z =
||rpT1 (ξc)rp2(ηc)||
||rp1(ξc)|| · ||rp2(ηc)||
. (35)
The contact contribution to the weak form is com-
pletely determined by the two beam centerline
curves. Thus, insertion of (4) into (34) followed by
a consistent linearization yields the contact contri-
butions to the element residual vector and stiffness
matrix, which are e.g. summarized in [27, 44].
Figure 7: Point-to-point contact problem of two beams.
3.2. Line contact model
In this section, the most important aspects
of the line-to-line contact formulation proposed
in [43] shall be repeated. In contrary to the
point-to-point contact model, this formulation
is based on a line constraint enforced along the
entire beam length. The relevant kinematic quan-
tities of this approach are illustrated in Figure 8(a).
(a) Space continuous problem setting.
(b) Discretized problem setting.
Figure 8: Line-to-line contact problem of two beams.
In case of line contact, a distinction has to be
made between a master beam (beam 1) and a slave
beam (beam 2). The closest master point ηc to a
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given slave point ξ is determined as solution of the
unilateral (“ul”) minimal distance problem
dul(ξ) := min
η
d(ξ, η) = d(ξ, ηc),
d(ξ, η) := ||r1(ξ)− r2(η)||.
(36)
Condition (36) leads to one orthogonality condition
to be solved for the unknown coordinate ηc:
rT2,η(η) (r1(ξ)− r2(η)) =˙0. (37)
Thus, in contrary to the point contact model, the
normal vector is still perpendicular to the master
beam 2, but not to the slave beam 1 anymore. The
non-penetration condition becomes
g(ξ) ≥ 0 ∀ ξ with g(ξ) := dul(ξ)−R1 −R2, (38)
and is integrated into the variational problem for-
mulation by means of the penalty potential
Πcε =
1
2
ε
l1∫
0
〈g(ξ)〉2ds1. (39)
Variation of the penalty potential defined in (39)
leads to the contact contribution to the weak form:
δΠcε = ε
l1∫
0
〈g(ξ)〉δg(ξ)ds1
with δg(ξ) = (δr1(ξ)− δr2(ξ))Tn(ξ).
(40)
In (40), the contact force vector fcε(ξ) as well as the
normal vector n(ξ) can be identified:
fcε(ξ) = −ε〈g(ξ)〉︸ ︷︷ ︸
=:fcε(ξ)
n(ξ),
n(ξ) :=
r1(ξ)− r2(ηc)
||r1(ξ)− r2(ηc)|| .
(41)
According to (41), a line-to-line beam contact for-
mulation models the contact force fcε(ξ) that is
transferred between the beams as a distributed line
force. Also in the line contact case, the contact
angle field can be defined according to:
α(ξ)=arccos (z(ξ)), z(ξ)=
||rpT1 (ξ)rp2(ηc)||
||rp1(ξ)|| ||rp2(ηc)||
. (42)
Eventually, spatial discretization has to be carried
out by inserting the discretization (4) into equa-
tion (40) and replacing the analytical integral by
a Gaussian quadrature (see Figure 8(b)). The el-
ement residual and stiffness contributions result-
ing from this line-to-line contact scheme are sum-
marized in [43]. Furthermore, in this reference, a
special integration interval segmentation procedure
has been proposed in order to avoid the numerical
integration across strong discontinuities at master
beam endpoints, which, in turn, leads to a consid-
erable reduction of the overall discretization error.
3.3. All-angle beam contact formulation
In [43, 44], it has been shown that line con-
tact formulations applied to slender beams provide
very accurate and robust mechanical models in the
range of small contact angles, whereas the compu-
tational efficiency considerably decreases with in-
creasing contact angles. On the other hand, point
contact formulations serve as sufficiently accurate
and very efficient models in the regime of large con-
tact angles, while they are not applicable for small
contact angles as a consequence of non-unique clos-
est point projections. In [44], the ABC formulation
has been proposed in order to combine the advan-
tages of these two basic types of formulations. This
formulation applies a point contact formulation in
the range of large contact angles and a line con-
tact formulation in the range of small contact an-
gles. The smooth model transition between these
two regimes within a prescribed angle interval
[α1;α2], α1, α2 ∈ [0◦; 90◦], α1 < α2, (43)
is realized by defining the following angle-
dependent transition factor k(z), with z = cos(α):
k(z)=

1, α < α1
0.5
(
1−cos
(
pi z−z2z1−z2
))
, α2≥α≥α1
0, α > α2
(44)
In [44], two different variants of model transition
have been investigated, one on penalty force level,
δΠcε = [1− k(zc)] ε⊥〈g〉︸ ︷︷ ︸
=:−fcε⊥
δg
+
l1∫
0
k(z(ξ))ε‖〈g(ξ)〉︸ ︷︷ ︸
=:−fcε‖(ξ)
δg(ξ)ds1,
(45)
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as well as one variant on penalty potential level, viz.
Πcε =
1
2
ε⊥(1− k(zc)2)〈g〉2
+
1
2
ε‖
l1∫
0
k2(z(ξ))〈g(ξ)〉2ds1.
(46)
Variation of the potential-based variant (46) leads
to additional contact moment contributions as com-
pared to (45). These contributions are required for
a variationally consistent formulation that allows
for exact conservation of energy, which is not nec-
essarily guaranteed by the force-based model transi-
tion (45). However, in [44], an optimal ratio of the
point penalty parameter ε⊥ and the line penalty
parameter ε‖ has been derived such that the non-
conservative work contributions of the force-based
variant are minimized and this considerably sim-
pler formulation can be applied to most practically
relevant problem classes. A spatial discretization
procedure similar to the ones for the underlying ba-
sic contact models again allows to derive the con-
tact residual and stiffness contributions, see [44].
In that reference, further important algorithmic as-
pects can be found concerning contact search algo-
rithm, smoothed penalty laws, consistent treatment
of beam endpoint contacts or the application of a
step size control that avoids an undetected crossing
of beams in the range of large time step sizes.
3.4. Rotation vector-based Kirchhoff-Love element
In general the element residual contributions
stemming from the contact interaction of two finite
elements 1 and 2 can be written as:
rcon,1(xˆ1, xˆ2) and rcon,2(xˆ1, xˆ2) (47)
In a similar fashion, also the contact contributions
to the element stiffness matrices can be formulated:
kcon,11 :=
drcon,1
dxˆ1
, kcon,12 :=
drcon,1
dxˆ2
, (48)
kcon,21 :=
drcon,2
dxˆ1
, kcon,22 :=
drcon,2
dxˆ2
, (49)
As shown in [44], the beam-to-beam contact
schemes considered in this work yield residual
and stiffness contributions that solely depend on
the sets of degrees of freedom dˆ1 and dˆ2 defin-
ing the beam centerline. Since this set dˆi defin-
ing the beam centerline is identical for the Simo-
Reissner element (16) (SR), the Kirchhoff-Love el-
ement with tangent vector-based nodal rotation
parametrization (20) (KL-TAN) and the torsion-
free element (28) (TF), the residual and stiffness
contributions derived in [44] can directly be applied
to these elements without the need for any further
adaption. Only a correct assembly of the corre-
sponding rows and columns based on the arrange-
ment of the centerline degrees of freedom dˆ within
the vector xˆ has to be considered.
On the other hand, for the rotation vector-based
Kirchhoff-Love element (21) (KL-ROT), the nodal
position and tangent vectors d1,d2, t1 and t2 of the
centerline interpolation (4) represent no primary
variables, and, thus, the set dˆ is different for this
element. However, in [26] it has been shown how
standard element residual vectors and stiffness ma-
trices can be transformed between the element vari-
ants KL-TAN and KL-ROT. Since the contact con-
tributions of the KL-TAN element can directly be
taken from [26], the contributions of the KL-ROT
element can be determined via a similar transfor-
mation, which shall in the following be given for the
beam-to-beam contact case. In [26], the variations
δxˆTAN and δxˆROT as well as the iterative incre-
ments ∆xˆTAN and ∆xˆROT of the primary variable
sets (20) and (21) are given, and the required (lin-
ear) transformation rule has been stated as:
δxˆTAN = T˜xˆδxˆROT , ∆xˆTAN =TM xˆ∆xˆROT . (50)
The deformation-dependent transformation matri-
ces T˜xˆ and TM xˆ are specified in [26]. Now,
the transformation between element residual vec-
tors (47) and stiffness matrices (48) associated
with the KL-TAN element formulation (index
(.)TAN ) and the KL-ROT element formulation (in-
dex (.)ROT ) will be conducted. For simplicity, the
index (.)con in (47) and (48) will be dropped. Ac-
cording to [26], the residual transformations yield:
rROT,1 = T˜
T
xˆ,1rTAN,1, rROT,2 = T˜
T
xˆ,2rTAN,2. (51)
Now, the linearization of the residual rTAN,1 of the
first contact element shall exemplarily be derived:
∆rROT,1 =∆T˜
T
xˆ,1rTAN,1+T˜
T
xˆ,1∆rTAN,1
=˙kROT,11∆xˆROT,1+kROT,12∆xˆROT,2,
(52)
where the linearization ∆rTAN,1 can be written as
∆rTAN,1 =kTAN,11∆xˆTAN,1
+kTAN,12∆xˆTAN,2
=kTAN,11TM xˆ,1∆xˆROT,1
+kTAN,12TM xˆ,2∆xˆROT,2,
(53)
15
and the linearization ∆T˜
T
xˆ,1rTAN,1 is given by
∆T˜
T
xˆ,1rTAN,1 =: H˜xˆ,1(rTAN,1)∆xˆROT,1, (54)
according to the definitions introduced in [26].
Combining equations (52)-(54) and applying the
same procedure to rROT,2 eventually yields:
kROT,11 =H˜xˆ,1(rTAN,1)+T˜
T
xˆ,1kTAN,11TM xˆ,1,
kROT,12 = T˜
T
xˆ,1kTAN,12TM xˆ,2,
kROT,22 =H˜xˆ,2(rTAN,2)+T˜
T
xˆ,2kTAN,22TM xˆ,2,
kROT,21 = T˜
T
xˆ,2kTAN,21TM xˆ,1.
(55)
Equations (51) and (55) allow to determine the cor-
responding element residual vectors and stiffness
matrices of the KL-ROT element for given contri-
butions of the KL-TAN element.
4. Numerical examples
In this section, the previously described beam el-
ement formulations from Section 2 as well as the
smooth beam contact formulation from Section 3
will be applied to several exemplary fiber-based
structures of varying system size and geometrical
complexity. The applicability and accuracy of the
methods will be verified numerically in quasi-static
as well as dynamic test scenarios. Moreover, these
examples aim at comparing the results of TF, KL
and SR elements based on the characteristics of the
structures and the applied boundary conditions.
In all following simulations, a Newton-Raphson
scheme is used in order to solve the set of non-
linear equations resulting from the temporally and
spatially discretized weak form of the balance equa-
tions. Unless otherwise stated, the Euclidean norms
of the displacement increment vector and of the
residual vector are used as convergence criteria.
Typically, the corresponding tolerances were chosen
as 10−10 and 10−7 respectively. Additionally, a load
step control (in quasi-static simulations) or time
step control (in dynamic simulations) algorithm is
applied. The scheme starts with an initial value of
N0 steps. If the Newton-Raphson scheme has not
converged within a prescribed number of iterations,
the step size is halved and the step is repeated. This
procedure is repeated until convergence is achieved.
Then, after four subsequent steps with low step size
level, the step size is doubled again. Also this pro-
cedure of successively doubling the step size after
four converging steps at the current step size level
is repeated until the original step size is reached
again. This procedure will not only drastically in-
crease the overall computational efficiency, it also
allows for comparatively objective and fair compar-
isons of the performance of the Newton-Raphson
scheme for different element formulations. In the
context of beam contact simulations, additionally a
step size control is applied which limits the max-
imal value of the displacement value per Newton
step to a previously defined upper bound (see [44]).
This upper bound is typically chosen as half of the
minimal cross-section radius present in the respec-
tive example. On the one hand, this procedure pre-
vents an undetected crossing of two beams within
one iteration and on the other hand, it yields a more
robust path to convergence.
4.1. Complex fiber-based microstructures
Within this section, the applicability of the geo-
metrically exact beam elements introduced in Sec-
tion 2 and the smooth contact formulation pre-
sented in Section 3 to the modeling of rather
complex fiber-based structures and microstructures
shall be illustrated. For this purpose, we exem-
plarily investigate a generic cylindrical tube that is
formed by curved hexagonal microstructures along
its circumference and axis, see Figure 9. The result-
ing cylindrical structures somewhat resemble the
chemical bond layout of carbon nanotubes [59, 60]
and could possibly be applied for their mechanical
analysis. However, within our present work these
microstructures shall merely serve as typical rep-
resentative of complex fiber-based assemblies, and
the focus of our analysis clearly lies on the accuracy
and efficiency of the proposed SR and KL beam el-
ement formulations, respectively.
As can be seen in Figure 9, the fundamental
building block for the chosen structures are reg-
ular hexagonal unit cells with all internal angles
being 120◦ and the side length s being the only
free parameter. Models at different microstruc-
tural refinement levels can easily be generated by
setting the cylinder radius R˜ as well as the num-
ber of hexagons along the circumference Ncirc and
along the cylinder axis Naxi. This set of parameters
is complemented by the cross-section radius R of
the beam segments representing the hexagon sides,
while the finite element discretization is based on
one beam element per hexagon side. However, ow-
ing to the C1-continuous beam centerline interpo-
lation presented in Section 2.1, this modeling ap-
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Figure 9: Schematic of the hexagonal microstructure geometry (left) and exemplary cylinder structure (right).
proach is already sufficient for a smooth external
geometry representation of the cylinder structures.
Concretely, the employed KL-ROT elements enable
a straight-forward modeling of the rigid joints be-
tween the hexagon segments (see also [26]) such
that the nodal centerline tangents of finite elements
connected at these joints (see e.g. point A in Fig-
ure 10) all lie within one tangent plane. Such a
smooth representation of the enveloping cylinder
hull turned out to be very beneficial for the robust-
ness of beam-to-beam contact schemes. An exem-
plary structure resulting from this pre-processing
framework is also illustrated in Figure 9. Within
the following numerical investigations we apply two
beam element types: the already mentioned KL-
ROT element from Section 2.3 and the SR ele-
ment from Section 2.2. The cylinder radius is set
to R˜ = 25 and, at least implicitly, the cylinder
length is defined by requiring that Ncirc/Naxi = 2.
With regard to microstructural refinement, the four
different levels Ncirc = 10, 20, 40, 80 are considered,
and in terms of beam segment slenderness ratio
we compare the three cases R = 0.5 (rather thick
beams), R = 0.1 (average slenderness) and R =
0.02 (rather thin beams). The boundary conditions
for the numerical analysis are chosen as follows:
all nodes at the cylinder bottom are simply sup-
ported, i.e. ux = uy = uz = 0, while a prescribed
displacement uz = 100 (still with ux = uy = 0)
is applied at the cylinder top in the direction of
the cylinder axis. As mentioned above, all interior
joints are modeled as rigid connections. The sim-
ulations are carried out using a quasi-static load-
stepping scheme and standard Newton–Raphson it-
erations for solving the nonlinear problem.
Some exemplary initial and final deformed con-
figurations for the chosen setup are visualized in
Figure 11. It can be seen that the prescribed dis-
placements lead to very large deformations both at
the macroscopic structural level as well as at the
microstructural level. In particular, we would like
to point out the deformation behavior in the vicin-
ity of the hexagon joints, where the higher-order
C1-continuous centerline interpolation allow for an
accurate representation of the rigid connections and
a physically meaningful deformation of the hexagon
sides themselves at the same time, see Figure 10.
Figure 10: Detailed view of the microstructural deformation
behavior with R˜ = 25, R = 0.5, Ncirc = 20 and Naxi =
10: Proper representation of the rigid connections (A) and
physically meaningful deformation of the hexagon sides (B).
In terms of quantitative analysis, axial force-
displacement curves were measured for all simula-
tion setups described above. The results are shown
in Figure 12. Each subfigure summarizes the re-
sults for one particular value of the beam radius,
i.e. R = 0.5, 0.1, 0.02, while the four different mi-
crostructural refinement level Ncirc = 10, 20, 40, 80
are compared within each subfigure. All parame-
ter combinations have been simulated by means of
17
Figure 11: Axial tension test on cylindrical tube with hexagonal microstructure: Initial and deformed geometries for R˜ = 25,
R = 0.1 and Ncirc = 10 (top left), Ncirc = 20 (top right), Ncirc = 40 (bottom left) as well as Ncirc = 80 (bottom right).
the KL(-ROT) element, whereas only for the case
R = 0.5, which is most critical in terms of shear
deformation, a verification by means of the shear-
deformable SR element has been performed.
Several observations can be made that are in ex-
cellent agreement with mechanical theory. Firstly,
the force-displacement curves scale linearly with
the number of hexagons along the circumference
and quadratically with the beam radius, i.e. F ∼
Ncirc ∗ R2. This makes perfect sense when think-
ing of the hexagonal microstructure as a mechani-
cal continuum in the limit of high refinement levels,
with an effective cross-section area A ∼ Ncirc ∗R2.
Secondly, as consequence of shear deformation, a
certain deviation can be identified between the nu-
merical solutions for the SR beam element and the
KL beam element in Figure 12(a). The shear-free
KL elements result in a slightly stiffer response vis-
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Figure 12: Axial force-displacement curves resulting from
axial tension test on cylinder with hexagonal microstructure.
ible by higher values of the axial reaction forces. As
expected, this deviation decreases with a decreasing
value of Ncirc leading to an increasing beam seg-
ment length and slenderness ratio. However, also
for the most critical of the investigated cases repre-
sented by the combination R = 0.5 (largest cross-
section radius) and Ncirc = 80 (shortest segment
length) the deviation remains below 10%. Even-
tually, also some considerations concerning the be-
havior of the performance of the Newton-Raphson
scheme shall be made. Thereto, the total num-
ber of accumulated Newton iterations required to
solve the problem based on the load step control
described in the beginning of this section and an ini-
tial value of N0 = 1 load steps has been recorded for
the KL and SR elements. Exemplarily, the results
for the variants Ncirc = 40 and R = 0.5, 0.1, 0.02
shall be investigated. Based on the KL element, the
problem could be solved in one load step and 14−15
iterations for all three slenderness ratios. On the
contrary, the required number of load steps and ac-
cumulated iterations resulting from the SR element
increases considerably with increasing slenderness
ratio leading to values of 107, 180 and 360 iterations
for the cross-section radii R = 0.5, 0.1, 0.02. This
observation is in complete accordance with the re-
sults already derived in [26]. Even though the vari-
ants withNcirc=40 represent the case where this ef-
fect was most pronounced, also for all the other pa-
rameter combinations considered in this work, the
KL element exhibited a considerably lower number
of Newton iterations as the SR element. Further-
more, according to the investigations made in [26],
the Newton-Raphson performance of the KL-TAN
elements can be expected to be even better than for
the applied KL-ROT elements. However, the latter
element formulation has been preferred here since
it simplifies the formulation of joint conditions as
required for the present example.
Figure 13: Contact of two cylindrical tubes with hexagonal
microstructures: 3D view of initial geometry.
Finally, the applicability of the beam-to-beam
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Figure 14: Contact of two cylindrical tubes with hexagonal microstructures: 3D and 2D view of deformed geometry at different
load steps: ux = 5 (left), ux = 10 (middle) and ux = 25 (right).
contact algorithms presented in Section 3 to fiber-
based microstructures such as the ones investigated
above shall be demonstrated in a qualitative man-
ner. For this purpose, two cylinders with hexagonal
microstructures (R˜ = 25, Ncirc = 40, Naxi = 20,
R = 0.5, KL beam elements) are placed next to
each other, their axes being orthogonal at a dis-
tance of 2R˜+2R, see Figure 13. The two ends of the
lower cylinder are simply supported, i.e. ux = uy =
uz = 0, while the two ends of the upper cylinder are
moved towards the lower cylinder with a prescribed
displacement ux = 25 (still with uy = uz = 0). The
course of deformation is illustrated in Figure 14. It
can be seen that the two microstructures come into
contact with the active contact zone progressively
becoming larger and substantial deformations oc-
curring in the microstructures themselves. While
being qualitative in nature, these results underline
the superior robustness of the devised geometri-
cally exact beam elements and beam-to-beam con-
tact algorithms. As elaborated in Section 3 the
robustness of the contact formulation can partic-
ularly be attributed to the smooth beam centerline
interpolation (even for microstructures with cross-
points) and the unified treatment of point- and line-
based beam contact within a variationally consis-
tent model transition approach, see [44] for details.
4.2. Static twisting process of a rope
In this example, the static twisting process of a
rope will be investigated. The considered rope is
built from 7×7 individual fibers with length l= 5,
circular cross-section of radius R=0.01 and Young’s
modulus E = 109. The arrangement of the ini-
tially straight fibers in seven sub-bundles with seven
fibers per sub-bundle is illustrated in Figure 15(a).
While this example has originally been consid-
ered in [43] on the basis of the TF beam element
formulation, here the numerical results derived by
spatial discretizations with 10 TF, KL and SR beam
elements, respectively, shall be compared. Since
the enclosed angle is small for all contacting fibers
throughout the entire simulation, only the line con-
tact formulation from Section 3.2 is applied. The
contact parameters are chosen identical to [43]. In
the first stage of the twisting process, each of the
seven sub-bundles is twisted by four full rotations
within 80 static load steps. The twisting process
is performed in a Dirichlet-controlled manner, such
that the cross-section center points at one end of
the sub-bundles (front side in Figure 15) are mov-
ing on a circular path with respect to the individual
sub-bundle center points, while the corresponding
points at the other end of the sub-bundles (back
side in Figure 15) remain fixed. The deformed con-
figurations at characteristic load steps after one,
two, three and four full rotations are illustrated
in Figures 15(b)-15(e). In the second stage of the
twisting process, all seven sub-bundles together are
twisted by one further rotation within 20 additional
static load steps. This time, the cross-section center
points are moving on a circular path with respect
to the center point of the entire 7× 7-rope.
For the simulations, a Newton-Raphson scheme
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(a) Undeformed initial configuration. (b) Configuration at load step 20. (c) Configuration at load step 40.
(d) Configuration at load step 60. (e) Configuration at load step 80. (f) Configuration at load step 100.
Figure 15: Static simulation of the twisting process of a rope consisting of 7×7 fibers.
with load step adaption scheme and step size con-
trol as explained in the beginning of this section is
applied. The given standard values are used for the
tolerances of the convergence criteria. The upper
bound of the admissible step size (displacement in-
crement) is set to a value of 0.5R = 0.005 within
the step size control and the maximum number of
iterations per step is chosen as 50.
The deformed configuration at the end of this
twisting process is illustrated in Figure 15(f). While
the cross-section center points of all fiber endpoints
at one end of the rope (front side in Figure 15)
are fixed in axial direction, the cross-section cen-
ter points of all fiber endpoints at the other end of
the rope (back side in Figure 15) are free to move
in axial direction. Additionally, a constant axial
tensile force f¯ax = 1000 acting on each of these
axially freely movable fiber endpoints provides ax-
ial pre-stressing during the entire twisting process.
All fiber endpoints are simply supported but not
clamped. Consequently, Dirichlet conditions are
only applied to the positional degrees of freedom
at the endpoints but not to the tangential degrees
of freedom. In the case of KL and SR elements, the
rigid body mode associated with a rotation around
the fiber axis is blocked by additional Dirichlet con-
ditions at one end of the rope (back side in Fig-
ure 15). This is not necessary for the torsion-free
TF element formulation where such a rigid body
mode does not exist by definition.
The straight initial geometry of the individual
fibers as well as the chosen loading and Dirichlet
boundary conditions are compatible with the re-
quirements discussed in Section 2.4. As a result,
each individual fiber remains torsion-free and the
TF beam elements yield exact results for the con-
sidered static example. Given the global twisting
state of the rope as illustrated in Figure 15(f), this
result might contradict first intuition. Nevertheless,
of course, an overall external axial torque result-
ing from the moment contributions of the reaction
forces at the beam endpoints with respect to the
centerline of the rope is necessary in order to guar-
antee for static equilibrium of the twisted rope at
different load steps. The corresponding evolution
of this external axial torque during the deformation
process is plotted in Figure 16.
As expected due to (exactly) vanishing torsional
deformation and small shear deformation expected
for the considered fiber slenderness ratio of ζ=500,
the results for the three different applied beam for-
mulations are in excellent agreement. Interestingly,
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Figure 16: Axial reaction torque during twisting process.
the evolution of the twisting torque over the twist-
ing angle is almost linear within the two stages of
deformation, i.e. the behavior of the rope is simi-
lar to the twisting response of a slender continuum.
The higher slope in the second twisting stage, where
all sub-bundles are twisted uniformly with respect
to the centerline of the rope, results from the in-
creased overall elastic stiffness. The external work
required in order to perform the considered twist-
ing process in a quasi-static manner is proportional
to the area enclosed by the graph of the twisting
torque and the horizontal axis of Figure 16.
By taking into account the different number of
degrees of freedom per element, the computational
cost in order to derive these results is smallest for
TF, followed by KL and highest for SR elements.
These findings underline the superiority of torsion
and/or shear-free beam formulations in cases where
the underlying assumptions are met.
4.3. Static and dynamic loading of a helical spring
The following numerical example investigates the
response of a spring to static as well as dynamic
loading. Its initial and stress-free geometry is de-
fined as a helix with linearly increasing slope (see
Figure 17(d)) via the analytic representation
r0(β)=
 r0xr0y
r0z
=R0
 sinβcosβ−1
6
81pi2 β
2
, (56)
R0 =
l
6
√(
3pi
4
)2
+1+ 27pi
2
8 ln
(
4
3pi+
√
1+
(
4
3pi
)2)
(57)
≈ 34.36. (58)
The radius R0 of the enveloping cylinder of the helix
is chosen such that the helix exactly consists of 4.5
coils, i.e. β ∈ [0; 9pi], along the length of l= 1000.
A value of R = 4 is chosen for the cross-section
radius of the helix which results in a slenderness
ratio of ζ= 250. The spring is clamped at one end
(bottom in Figure 17) and load will be applied to
the other end point (top in Figure 17). In order
to mimic a realistic application of this spring, two
additional rigid structures were added in the sur-
rounding of the helix to guide its large deformation
under the applied load (see grey colored structures
in Figure 17). A rigid cylinder of radius Rb = 28
and length lb=500 is placed along the centerline of
the helix, providing a close guidance with an initial
closest distance of approximately 2.36 from the sur-
face of the spring. Moreover, a rigid torus with the
same cross-section area as the helix is placed such
that its centerline contour lies in the xy−plane at
the vertical position z=−9.1.
The material of the spring is modeled by a St.
Venant Kirchhoff law with Young’s modulus E =
1.0, Poisson’s ratio ν=0 and density ρ=1.0 · 10−8.
In case of the shear-deformable SR formulation, the
shear correction factor is chosen as κ=1.0.
Since small contact angles are prevailing in this
example, only the line-to-line contact formulation of
Section 3.2 with a linear penalty law and quadratic
regularization (see [43]) is applied here. Note that
a point contact formulation would anyway not be
able to model the contact between spring and the
central rigid cylinder (aligned with the helix axis)
because no unique bilateral closest point exists,
which is a prerequisite for this type of formulation.
Eventhough the ABC formulation would automat-
ically resolve this geometrical property in a cor-
rect and robust manner, here use has been made of
the a priori knowledge that only small contact an-
gles will ocur which makes the point-to-point con-
tact contribution of the ABC formulation obsolete.
The corresponding line penalty parameter is cho-
sen as ε|| = 10−3 in the quasi-static simulations
and ε|| = 10−2 in the dynamic simulations, and
the regularization parameter of the quadratically
regularized penalty law are g¯ = 0.05R = 0.2 and
g¯= 0.25R= 1.0 respectively (see [43]). Each beam
element is subdivided in twenty 5-point integration
segments (see also [43]).
First, a quasi-static loading process will be an-
alyzed. For this purpose, the helical structure is
discretized by 16 or 64 beam elements of tangent
vector-based KL(-TAN) type or SR type respec-
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(a) uz = −168:
max. pressure
(b) uz =−150 (c) uz =−100 (d) uz = 0:
undeformed
(e) uz =125 (f) uz = 250:
max. tension
(g) detail views at uz≈−168 (central rigid cylinder hidden)
Figure 17: Quasi-static simulation of a helical spring with linearly increasing slope.
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Figure 18: Displacement-reactions curves: 16 SR vs 64 SR
tively. The tip of the spring is displaced in a Dirich-
let controlled way prescribing zero displacement in
x- and y-direction ux = uy = 0 and a piecewise
linear displacement in z−direction: uz = 0 . . . 250
for 0 < t < 1, uz = 250 . . . 0 for 1 < t < 2 and
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Figure 19: Displacement-reactions curves: 64 KL vs 64 SR
uz = 0 . . . −200 for 2 < t < 3. Like for a clamped
end, all rotations of the beam cross-section at β=0
are suppressed by appropriate Dirichlet conditions
for the tangential and rotational degrees of freedom
in case of KL and SR elements respectively.
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Via the defined time curve for the tip displace-
ment uz, first the tensile and then the compression
range of the characteristic displacement-reactions
curve of the spring is measured by tracking the re-
action forces at the tip. The simulations are con-
ducted with a time step size of ∆t = 0.01 using a
Newton-Raphson scheme with step size control that
limits the displacement increment per iteration to
a maximum value of 0.25R = 0.1 (see beginning
of Section 4 for details). Again, a step adaptiv-
ity is employed that repeats a step with half of the
original (pseudo-) time step size if convergence fails
within the prescribed maximum number of 30 itera-
tions. Tolerances for convergence criteria are again
chosen as introduced in the beginning of Section 4.
Some characteristic configurations are illustrated
in Figure 17. The simulation ends at the fully com-
pressed state with uz ≈ −168 (see Figure 17(g)).
The resulting displacement-reactions curves are
plotted in Figures 18 and 19. As expected from
Hooke’s law, the relationship between displacement
in axial direction of the spring uz and axial reaction
force Fz is linear in the regime of moderate displace-
ments (approx. −100<uz<100). For large tensile
deformations, the stiffness of the spring increases
smoothly but steadily due to the strong geometrical
nonlinearity and the growing influence of stiff ax-
ial tension deformation modes. In the compression
regime, a strong nonlinear effect, in form of a kink
in the load-displacement curve illustrated in Fig-
ure 19, due to the contacting coils can be observed.
This compression stiffness is mainly determined by
the number of coils in contact and the cross-section
stiffness represented by the penalty regularization
of the applied beam contact model.
Also for this example of an initially curved elastic
fibrous structure, the results from KL and SR ele-
ments are in excellent agreement (see Figure 19).
This meets the expectation of negligible shear-
deformation for highly slender bodies as it is the
case in this example. Furthermore, Figure 19 re-
veals that the comparatively rough discretization
with 16 SR elements leads to a still visible dis-
cretization error as compared to the discretization
with 64 finite elements, however, the qualitative be-
havior is already captured very well.
In order to investigate the influence of shear de-
formation, a further variant of this example with
increased beam cross-section radius shall be inves-
tigated. For better comparability, only the value
of the cross-section radius occurring in the section
constitutive law (8) is scaled by a factor of 5, i.e.
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Figure 20: Displacement-reactions curves in case of an in-
creased cross-section radius R¯=5R: 64 KL vs 64 SR
R¯= 5R, leading to correspondingly adapted values
of A,A2, A3, I2, I3, IT , while the external beam ge-
ometry, i.e. the cross-section radius occurring in the
beam-to-beam contact model, remains unchanged.
Again, the simulation is performed in a Dirichlet-
controlled manner similar to the first variant. The
resulting load-displacement curve is illustrated in
Figure 20. Accordingly, due to this artificially in-
creased cross-section radius a clear difference be-
tween the results of the shear-free KL elements and
the shear-deformable SR elements becomes visible.
Consequently, in such a case the Simo-Reissner the-
ory of thick rods might be preferable as compared
to the Kirchhoff-Love theory of thin rods.
After this quantitative static analysis, also the
dynamic response of the elastic spring shall be
investigated in a qualitative as well as quantita-
tive manner. For comparison purposes, the helical
structure is discretized by 16 or 64 beam elements
of tangent-vector based KL or SR type respectively.
Again, one end of the spring is clamped but now the
other end is loaded by a discrete external force f¯z
in z-direction. As the location of load application,
i.e. the tip, does not lie on the centerline of the
helix, it causes a moment around the x-axis that
is (partly, since the tip location changes in time)
balanced by an additionally applied discrete exter-
nal moment m¯x =R0f¯z. Both loads are increased
linearly within 0<t<4 and subsequently decreased
linearly within 4<t<5. After the release of the ap-
plied load, the spring performs a free oscillation and
the simulation covers a full cycle up to tend = 10.
The extended generalized-α scheme presented in
Section 2.5.2 with a prescribed spectral radius ρ∞=
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Figure 21: Dynamic simulation of a clamped helical spring loaded by a tip force.
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Figure 22: Conservation of total system energy.
0.95, i.e. a small amount of numerical dissipation,
and a constant time step size of ∆t=10−3 is applied
for temporal discretization of the problem.
Figure 21 visualizes the deformed geometry at
several points in time. In the course of the simu-
lation, the spring undergoes large deformations in
the tensile as well as the compression regime and
shows a highly dynamic motion. Contact interac-
tions with the rigid guides as well as self contact of
the coils occur over the entire simulated time span.
Note that in the state of high compression, also the
beam endpoints come into contact with other coils
such that the contact model for beam endpoints
as mentioned in Section 3 and proposed in [43] is
mandatory for this challenging example.
In terms of quantitative analysis, the elastic, ki-
netic and contact penalty energy is plotted over
time in Figure 22. The sum of these three con-
tributions is plotted as total system energy and re-
mains constant with only very little deviations af-
ter the external load is released (see Figure 22(a)).
Already for a rather coarse spatial discretization
with 16 beam elements, energy conservation is thus
very well fulfilled by the applied beam and con-
tact formulation and the time integration scheme.
For a fine discretization of 64 elements, energy is
even better conserved and the fluctuations asso-
ciated with the highly dynamic shocks from self-
contacting coils in the compressed state are hardly
visible anymore. Even though the total system en-
ergy is slightly higher for the SR elements due to the
prevalence of additional shear deformation modes,
the results for KL and SR elements match excel-
lently well for a sufficiently fine discretization with
small spatial discretization error (see Figure 22(b)).
While this example represents the only dynamic
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test case within this work, further dynamic appli-
cations and investigations done on the important
topic of total energy conservation in the context of
the proposed ABC formulation can be found in [44].
There, for example the dynamic failure of two con-
tacting ropes, similar to the one presented in Sec-
tion 4.2, as well as the associated system energy
have been investigated. Moreover, also the influ-
ence of mechanical contact on the Brownian dy-
namics of biopolymer networks, tight networks of
highly slender filaments prevalent e.g. in biological
cells, have been studied in this reference.
4.4. Static load test on a webbing
As final application, a static load test performed
on a fibrous webbing shall be analyzed. The web-
bing consists of 10 + 20 ribbons, each of them
made out of 10 individual fibers with circular cross-
sections. The geometrical and constitutive param-
eters of an individual fiber are given by l = 500,
R = 1, E = 2G = 1.0 ·107. Each fiber endpoint is
simply supported and the positions of these sup-
ports are chosen such that the fibers are initially
stress-free in case no beam-to-beam contact inter-
action is considered. Within a ribbon, two neigh-
boring fibers pointing in global x-direction exhibit
a vanishing initial gap g0 =0 while the fibers point-
ing in global y-direction are placed with an initial
distance of g0 = R. Each fiber is discretized by
20 TF elements yielding a global system that con-
sists of 300 fibers, 6000 finite elements and approx-
imately 38000 degrees of freedom. In this example,
the regimes of point and line contact are clearly
separated. Thus, the shifting angles of the ABC
formulation are chosen to α1 = 40
◦ and α2 = 45◦.
Since no active contacts lying within the transition
interval are expected, the line and point penalty pa-
rameters do not necessarily have to be harmonized.
Concretely, a quadratically regularized penalty law
with ε⊥ = 2.4 · 105, ε‖ = 2.0 · 104 and g¯ = 0.1R in
combination with one three-point integration inter-
val per slave element is chosen. Again, the global
Newton-Raphson scheme is supplemented by the
step size control and load step adaption scheme as
introduced in the beginning of Section 4.
In order to determine the pre-stressed initial con-
figuration, the fibers in x-direction are first loaded
by a properly chosen sinusoidal line load. How-
ever, contact interaction is not considered in this
first step. After activating the contact algorithm,
the line load is reduced to zero in an incremental
manner in order to finally yield the equilibrium con-
figuration of the unloaded system as illustrated in
Figure 23 (first and second row, left). In a next
step, the deformation of the resulting webbing when
exposed to a point loading shall be investigated.
Thereto, a test piece in form of a rigid sphere (ra-
dius 50) is driven into the webbing. This process
is performed in an incremental, Dirichlet-controlled
manner. The modeling of the contact interaction
between the rigid sphere and the individual fibers
is similar to the procedure described in Section 3.1
in the context of beam point-to-point contact. Dif-
ferent perspectives of the final deformed configu-
ration are again shown in Figure 23. This state
is characterized by approximately 15000 active line
contact Gauss points, 16000 active point contacts
and maximal penetrations in the range of 10% of
the cross-section diameter for both regimes. The
well-balanced number of active point and line con-
tacts underlines the efficiency potential of the ABC
formulation and demonstrates that the computa-
tionally expensive line contact contributions have
been successfully reduced. In Figure 23, also the
magnitudes of the resulting axial tension within the
individual fibers are illustrated. Often, the me-
chanical fiber interaction in webbings of the type
considered here is strongly determined by friction
forces. Thereto, a future extension of the proposed
beam-to-beam contact formulation by frictional ef-
fects seems to be very promising in order to improve
the model quality and the significance of the gen-
erated simulation results. Nevertheless, for mate-
rial pairings exhibiting low friction coefficients, the
outcomes visualized in Figures 23 already provide a
first quantification of the expected fiber stresses and
a first hint with respect to possible failure mecha-
nisms. Furthermore, the perhaps more important
purpose of this example is to demonstrate the ro-
bustness and scalability of the presented beam ele-
ment and beam-to-beam contact formulations when
applied to systems of practical relevance and size.
5. Conclusion
The focus of this contribution lay on the develop-
ment of finite element formulations for the accurate
modeling and efficient implicit dynamics simulation
of slender fiber- or rod-like components and their
contact interaction being embedded in complex sys-
tems of fiber-based materials and structures.
While the vast majority of existing geometri-
cally exact beam element formulations is based on
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Figure 23: Static load test on a webbing: Initial and deformed configurations.
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the Simo-Reissner beam theory of thick (shear-
deformable) rods, in the authors’ recent contribu-
tions [24, 25, 26] the first geometrically exact beam
elements based on the Kirchhoff-Love theory of thin
(shear-free) rods have been proposed that are ca-
pable of modeling general beam geometries with
arbitrary initial curvatures and anisotropic cross-
section shapes and that preserve important me-
chanical properties such as objectivity and path-
independence. In [26] it has been shown that the
avoidance of the very high shear stiffness contri-
butions achieved by these Kirchhoff-Love elements
leads to considerable numerical advantages in the
range of high beam slenderness ratios as compared
to existing formulations of Simo-Reissner type. Ex-
actly such high beam slenderness ratios are preva-
lent in many applications of practical interest, rec-
ommending the proposed Kirchhoff-Love beam ele-
ment formulations as method of choice for the nu-
merical simulation of such systems.
Concretely, four different Kirchhoff-Love element
variants have been proposed and analyzed in [26].
These basically differ in the applied rotation inter-
polation, either based on a strong or a weak en-
forcement of the Kirchhoff constraint, as well as
in the parametrization of nodal rotations, either
based on nodal rotation vectors or on nodal tan-
gent vectors. Within the present work, only the
two variants either being based on nodal rotation
vectors (KL-ROT element) or on nodal tangent vec-
tors (KL-TAN element) have been distinguished.
Besides this general Kirchhoff-Love beam elements,
also a reduced model leading to a special torsion-
free beam element formulation has been proposed
in [25]. There, it has been shown that under cer-
tain restrictions concerning the initial beam geom-
etry (straight beams with isotropic/circular cross-
sections) and external loads (no torsional compo-
nents of external moments), the Kirchhoff-Love the-
ory yields solutions with vanishing torsion even for
arbitrarily large displacements and rotations. This
finding justified the development of a torsion-free
beam element (TF element) that inherits the high
accuracy well-known for geometrically exact beam
element formulations, while simultaneously avoid-
ing any rotational degrees of freedom typical for
geometrically exact formulations. In turn, this
leads to considerably simplified and consequently
more efficient finite element formulations. Both,
the general as well as the torsion-free Kirchhoff-
Love elements mentioned so far are based on a C1-
continuous beam centerline representation, a dis-
tinctive property which enables smooth kinematics
in the context of beam contact schemes.
While in [26], Kirchhoff-Love finite elements have
been identified as the formulations of choice in
the regime of high beam slenderness ratios, it is
beyond all question that finite element formula-
tions of Simo-Reissner type should be preferred
for thick beam geometries where shear deformation
may play an important role. For that reason, a
novel geometrically exact Simo-Reissner beam el-
ement based on a third-order Hermite centerline
interpolation has been proposed as alternative to
the considered Kirchhoff-Love elements when mod-
eling smooth contact interaction in the range of low
beam slenderness ratios. For this formulation, op-
timal spatial convergence rates as well as the suc-
cessful avoidance of membrane and shear locking,
achieved via a Gauss-Lobatto reduced integration
scheme, has been verified numerically.
In the mechanical modeling and numerical sim-
ulation of beam-to-beam contact interaction basi-
cally two different types of approaches can be dis-
tinguished: point-to-point and line-to-line contact
models. In the authors’ recent works [43, 44], it
has been shown that line contact formulations ap-
plied to slender beams provide very accurate and
robust mechanical models in the range of small con-
tact angles, whereas the computational efficiency
considerably decreases with increasing contact an-
gles. On the other hand, point contact formula-
tions serve as sufficiently accurate and very elegant
and efficient models in the regime of large contact
angles, while they are not applicable for small con-
tact angles as a consequence of non-unique clos-
est point projections. In order to combine the ad-
vantages of these two basic types of formulations,
while abstaining from their disadvantages, a novel
all-angle beam contact (ABC) formulation has been
proposed in [44]. This formulation applies a point
contact formulation in the range of large contact
angles and a line contact formulation in the range
of small contact angles, the two being smoothly
connected by means of a variationally consistent
model transition approach. However, all examples
presented in [44] have employed the TF element
formulation [25] mentioned above. In the present
work, the all-angle beam contact formulation pro-
posed in [44] has been extended to the different
types of general Kirchhoff-Love beam elements pro-
posed in [26] and to the new SR element proposed
in the present work. Whereas no adaption of the
ABC formulation has been necessary for most of
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the considered beam elements, the combination of
the ABC scheme with the KL-ROT element em-
ploying a rotation vector-based parametrization of
nodal rotations (see also [26]) required an additional
transformation of the contact residual and stiffness
contributions as compared to [44], which has been
derived in the present work.
Eventually, a series of practically relevant appli-
cations that pose important challenges to the ap-
plied beam element formulations have been investi-
gated. Therein, the properties and performance of
the different beam element formulations under con-
sideration, i.e. of the torsion-free Kirchhoff-Love
formulations, the general Kirchhoff-Love formula-
tions and the Simo-Reissner formulations, have
been compared. Especially the treatment of ex-
amples exhibiting initial curvatures as well as rigid
joint connections, thus scenarios which can not be
modeled by means of the torsion-free theory, have
been in the focus. By means of a numerical test
case considering the contact interaction between
two cylindrical tubes with complex hexagonal mi-
crostructure, it has been shown that this KL-ROT
element enables a simple and straight-forward for-
mulation of mechanical joint conditions on the one
hand, and that the C1-continuous geometry rep-
resentation enabled by the Hermite centerline in-
terpolation can even be preserved at multi-element
joints on the other hand. This property turned out
to be very beneficial for modeling and robustly sim-
ulating the contact interaction between such mi-
crostructures. In a further example, the contact
dynamics occurring during the free oscillation of
an initially curved helical spring have been inves-
tigated on the basis of different spatial discretiza-
tions with KL and SR elements. Accordingly, the
important property of energy conservation could
be confirmed for the combination of these different
spatial finite element discretizations, the proposed
ABC formulation and the employed time integra-
tion scheme, a recently proposed extension of the
well-known generalized−α scheme to problems in-
volving large rotations. Furthermore, two examples
fulfilling the requirements of the torsion-free theory,
namely the twisting process of a rope and a static
load test performed on an industrial webbing, have
been considered allowing for a comparison with the
general KL and SR elements.
In all these examples, the main tendencies ob-
served in [26] for problems without beam-to-beam
contact could be confirmed under the presence
of contact interaction. Correspondingly, the re-
sults obtained by Simo-Reissner and Kirchhoff-Love
beam elements coincided very well in the range
of moderate to high slenderness ratios, while for
very low beam slendernesses a visible difference be-
tween these two models could be observed. How-
ever, whenever the considered beam slenderness
ratio allowed for an application of the shear-free
Kirchhoff-Love elements, these formulations turned
out to be clearly favorable in terms of nonlinear
solver performance and overall robustness leading
to a considerably decreased number of accumulated
Newton iterations as compared to the investigated
shear-deformable Simo-Reissner formulation. Fur-
thermore, it has been verified that, also for complex
examples involving intensive mechanical contact in-
teraction, the TF element formulation yields identi-
cal results as the general Kirchhoff-Love elements as
long as the specified restrictions concerning exter-
nal loads and initial geometry are fulfilled. More-
over, in [25, 26] it has already been shown that the
number of degrees of freedom required to achieve a
certain discretization error level typically increases
when switching from the TF element to the KL ele-
ment and eventually to the SR element. By taking
into account all these aspects, the overall compu-
tational cost required to guarantee for a specified
solution quality is smallest for TF, followed by KL
and highest for SR elements. These findings un-
derline the superiority of torsion and/or shear-free
beam element formulations in cases where the un-
derlying assumptions are met.
Appendix A. Residual vector and stiffness
of Simo-Reissner element
For the following derivations, the vector xˆ con-
taining the nodal degrees of freedom of the Simo-
Reissner element (see Section 2.2) is split into the
two parts dˆ of degrees of freedom associated with
the centerline interpolation and ψˆ of degrees of free-
dom associated with the rotation interpolation:
xˆ :=(dˆ1T, tˆ1T, ψˆ1T, dˆ2T, tˆ2T, ψˆ2T , ψˆ3T )T ,
dˆ :=(dˆ1T, tˆ1T, dˆ2T, tˆ2T)T ,
ψˆ :=(ψˆ1T, ψˆ2T, ψˆ3T)T .
(A.1)
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In a similar manner, the variations δ(.) and incre-
ments ∆(.) occurring in a linearization are defined:
δdˆ :=(δdˆ1T, δtˆ1T, δdˆ2T, δtˆ2T)T ,
∆dˆ :=(∆dˆ1T,∆tˆ1T,∆dˆ2T,∆tˆ2T)T ,
δθˆ :=(δθˆ1T, δθˆ2T, δθˆ3T)T ,
∆θˆ :=(∆θˆ1T,∆θˆ2T,∆θˆ3T)T .
(A.2)
The different symbol θ has been chosen for the vari-
ations / increments of ψ, since these are of multi-
plicative nature (see e.g. [16, 13, 26]), while δdˆ and
∆dˆ represent additive variations and increments of
the primary variables dˆ. In addition, the matrix H
is introduced. It contains the Hermite polynomi-
als (5) such that the interpolation (4) and its varia-
tion / increment can equivalently be expressed by:
r=Hdˆ, r′=H′dˆ,
∆r=H∆dˆ, ∆r′=H′∆dˆ,
δr=Hδdˆ, δr′=H′δdˆ.
(A.3)
Based on the nodal triads Λi = Λi(ψˆi) for i =
1, 2, 3, the rotation interpolation originally pro-
posed in [11, 13] and given in abstract manner by
equation (14), shall now be detailed:
Λ(ξ)=Λ2 exp(S(Φl(ξ))),
Φl(ξ)=
3∑
i=1
Li(ξ)Φil,
exp(S(Φil)) = Λ
2TΛi.
(A.4)
The rotation vector variation field δθ is interpolated
in a Petrov-Galerkin manner as given in (15)
δθ(ξ)=
3∑
i=1
Li(ξ)δθˆi=:Lδθˆ, δθ′(ξ)=L′δθˆ, (A.5)
where L is a elementwise assembly of the third-order
Lagrange polynomials Li(ξ). The rotation vector
increment field ∆θ associated with a consistent lin-
earization of (A.4) has been derived in [13]:
∆θ(ξ)=
3∑
i=1
I˜i(ξ)∆θi=: I˜∆θ, ∆θ′(ξ)= I˜
′
∆θ. (A.6)
The deformation-dependent shape function matri-
ces I˜i are defined in the original work [13] and can
also be found in [26] (in a notation identical to the
one used here). The matrix I˜ represents again a
proper elementwise assembly of the nodal shape
function matrices I˜i. Based on this notation and
the employed interpolations, the element residual
vector can be derived from (11) according to:
rSR,dˆ=
1∫
−1
(
H′T f−HT f˜ρ
)
Jdξ−
[
HT fσ
]
Γσ
rSR,θˆ=
1∫
−1
(
L′Tm−LTS(r′)f−LT m˜ρ
)
Jdξ
−
[
LTmσ
]
Γσ
.
(A.7)
For simplicity, distributed external forces and mo-
ments as well as inertia forces and moments are
collected according to f˜ρ := f˜+fρ and m˜ρ :=m˜+mρ.
The linearization of the residual (A.7) yields:
∆rSR,dˆ=
1∫
−1
(
H′T∆f−HT∆fρ
)
Jdξ
∆rSR,θˆ=
1∫
−1
(
L′T∆m+LTS(f)∆r′
−LTS(r′)∆f−LT∆mρ
)
Jdξ.
(A.8)
The linearization ∆m of the internal moments is
∆m=−S(m)∆θ+cm∆θ′, (A.9)
whereas the linearization ∆f of the force stress re-
sultants is given by the expression:
∆f = cf∆r
′ +
(
cfS(r
′)− f)∆θ. (A.10)
The extended generalized−α scheme (see Sec-
tion 2.5.2), which espresses the translational as
well as rotational velocities and accelerations as oc-
curring in the inertia forces fρ and moments mρ
(see (12)), is presented in [26]. It has to be em-
phasized that temporal discretization is performed
after spatial discretization (as typical for geomet-
rically exact beam formulations). Thus, the corre-
sponding finite difference relations of the time in-
tegration scheme are not applied to the vector xˆ
of discrete nodal variables and its time derivatives,
but rather to spatially interpolated quantities eval-
uated at the Gauss points required for numerical
integration of (A.7). Applying the procedure de-
scribed in [26], the following linearization of the in-
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ertia forces and moments can be formulated:
−∆fρ=k1ρA∆r,
−∆mρ=S(mρ)∆θ
+ΛT [k2{S(w)cρ−S(cρw)}+k1cρ]T∆θ.
(A.11)
Here, the constants k1 and k2 are defined by the
parameters β, γ, αf and αm of the the (extended)
generalized−α scheme according to:
k1 =
1−αm
(1−αm)β∆t2 , k2 =
γ
β∆t
. (A.12)
Furthermore, the transformation matrix T is also
given in [26]. Eventually, the linearization (A.8)
can be stated in the following general form:
∆rSR,dˆ = kSR,dˆdˆ∆dˆ + kSR,dˆθˆ∆θˆ,
∆rSR,θˆ = kSR,θˆdˆ∆dˆ + kSR,θˆθˆ∆θˆ.
(A.13)
Inserting equations (A.3) and (A.6) into equa-
tions (A.9), (A.10) and (A.11) and the latter
into (A.8) finally allows to determine the ele-
ment stiffness contributions kSR,dˆdˆ, kSR,dˆθˆ , kSR,θˆdˆ
as well as kSR,θˆθˆ . In order to avoid membrane and
shear locking, all residual and stiffness terms con-
taining the force stress resultant vector f are nu-
merically integrated by means of a 3-point Gauss-
Lobatto scheme. All the remaining residual and
stiffness contributions are integrated on the ba-
sis of a 4-point Gauss-Legendre (full) integration
scheme. The reduced Gauss-Lobatto integration
scheme leads to a number of neq,c=3(2nele+1) con-
straint equations for a discretization with nele finite
elements providing a total of neq = 12nele + 9 un-
knowns / equilibrium equations. Similar to the pro-
cedure in [26], it can be shown that this procedure
leads to a discrete constraint ratio rh that equals
the constraint ratio of the space continuous problem
r, i.e. rh=r=2, and consequently no locking effects
are expected for this element formulation. Fur-
thermore, since the proposed C1-continous Simo-
Reissner element formulation combines two interpo-
lation schemes already investigated in [26], namely
the Hermite centerline interpolation (4) and the
rotation interpolation (A.4), it is straight-forward
to show that the applied spatial finite element dis-
cretization fulfills essential properties such as objec-
tivity, path-independence as well as conservation of
linear and angular momentum.
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